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Cbapter 6 ^ 



6-1 • Introdactlon . ' * ' ' 

Ife have %y this tlm xsade a beginning In the ^ItKmsslon sets of 
points and their analytic descriptions • ¥e have introouced ^nd \ised vaxicais 
ooordlnaW systopB^ Ve have used paraisetric representations, finding theqi 
particularly useful in physical applications involving rotation or other 
nation, and in locating positions on a path* Sov we investigate more of the 
details and txy to develop more competence (and confidence) in •this powerful 
language of analytic geometry. - 



•4 



^ 6-2 . General Principles 

% ^ ' * 

The study of analytic gem^ry has two aajor concerns* One of these 

Is the relation of geoaetiy to algehra; the otl^r Is the relation of algeb^m 
to geometry. We aaxst, therefore, consider tw basic sltuiitions. 

^ A* We are given a set of points. What %iould ^ a good ana!^lc 
representation of that set? If we tod tvo sets of points ipv 
Muld their gecaaetrlc relationships be j^vealed in their a^ortic 
representations? (geo^ietry to algebra.) ^ f 

B. We are given an aiaalytlc repVesentation of a set of points. What 
can we now say about the geometric properties o^ that set? If we 
^ had analytic repreaentftions of tvo sets, how could we use these 

' to reveal bxA develop their ^geoo^tric relationships? (algebra to 

geometry • ) 

^ ih the firat situation ne isust dlstineulBh Imsedlately betvsen the cases 

WB shall treat in this text and those we l^ve for later wrk. If a set of. 

points coaesi^to us, sa^", froo^ a chart of the results of an experijnent or a 

curve drawn by an autcmMc recording device, it might be useful to have a 

k ^ sisqxle. aimlytic representation of that set. We 4° not tr^t such matters in 

)j this book, althdmgji th^ Imve IsqpoTTtant applications in science, and are the 

rabject of much current sath^iatlcBl research. i 
O • 201 ^ ^ . * - . ■ 
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The rets of points with which we sj;ia^ concern ourselves must cme, 
already Btructured'by some gM^tric condi^tion or property. task willl 
be to tri^slate this condition into analytic teitas through our clu>ice of 
coordinate system and mode algebraic or \trigonometrie representation. 
For example we may be interested in the set \ of cULl points equidistant frcm 
tW given points. What type of coordinate system is best suited^to describe 
this situation? Can we simplify the diescripiion by a wise choice of axes and 
j»aits? ' . ' ; ' , , # 

On the other hand suppose we meet the eig^ssion 2x +^ + 5^0. 
What set of points does it describe? ^s it a ^nf iguration Ve can vlsualiaef 
What are its properties? ^ \ , 

In this second situation the variables ccane to us alreadly naitted, and tfife 
context and notation usually indica-^e the type of coqrdinate systesn and the 
choices of axes and units. 'The analytic representation may exhibit some 
' special algebraic or trigonometric properties whi^ we exi^ct to see reflected 
in certain geometric properties of the correspondihg graph. We do not define 
the general term, "property", but illustrate suid cramient on those we shall 
consider. * - ' 

Eyf!^mplP> 1. Dis^ss the equatioS^ y = sin x and its graph. 
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Discussion : We assume that the domain of »x is the set of real numbers- 
and note immediately that, whatever the value of X, we ^always have |y| ^ I • 
If a graph of this equation were drawn on the usual rectangular (x«?rdlmt^ 
grid the geometric interprg^tion of this statement is that the entire graph 
is 'contained' in a strip l^wo units wide, centered on the x-axisj and of • 
infinite length to' right and left. We sometimes describe such restrrict^pns.N^ 
on^he graph by saying it is bounded above and below, but not at tne si^s. 
Any. comment in^cating what regions of the plane may or may not be occupied' 
by sPigraph is part of the discussion of what is c^»lled the eytent of the 
graph. ' ' ' ' 

We/nSte also from the given relationship, that for e&ch value of x 
there a unique value of y , but' not vic€ versa! .That is, y is axpressed 
as a ' function of x , but x is not a function of y • The^ geometric 
versiofT^f this coEsjent is that, if the graph w^re drawn pn the usual 
rectangular coordinate grid, each line parallel to the y-axis would intersect 
the. graph exactly once. What can you say* about ifitersections of the grapl> 
with lines parallel to the x-axis? - 
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- Ve note sfso that, since - 8ln(x 2n«)^ \ix,^x for integral values of 
n ,-the y ' values will rsfpeat 'endlessly throuig^ the range -l^y £ 1 . 
We say in this case that y it a periodic function of x . If, in e^ral, 
y = f(x) so that, for some flx^ P ^ 0 and f ojr an x ^ f (k + p) » f(x) , 
then we say that y is a periodic i^ction of x . In that case 

f (x + 2p) - f ((x + 1p) + P) = f(K + P) = ^i^y • 
Therefore, foi^such functio'hs, f(3t.^ np) =.f(x) for integral values 9^ 
If p > 0 -and there is no snia;Ller pesitive nuniber which satisfies the 
requirement* f (x + p) - f U) for all x , *hen we say that f(x) ista 
periodic function of x . o^ periog. £•-'.- 

Specifically, y -= sin x is a periodic fOnction of x of period 2« . 
What^e the periods of the periodic functions, y = cos X an^ y = tan ic ? 
Bbie that it is the function which is periodic,* nqt the grapji. A particular 
function may have quite 'differeirt looking graphs, depending on oiir chbice's 
of coordinate systems. .The periodicity of .a function may he more readily 
seen in Borne; graphs than in others. The graph in Figure 6-1 can be inter- 
preted to give the same infonnation ahout y = sin x as ^^s given when we 
say that, y is.a hounded ^riodic fCinct ion of x* of period" 2ii. What ^ 
other infomtation about the function cmn he^ inferred frrai^he graph? 
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• ' Figure 6|^ • 7 

We have chosen »the usual rectangular coordinate system, using x an*' 
y as abscissa and ordl^te respectively, and^ obtained the familiar and* 
'beautiful sine curve. Do you see 'the relation betw^n the shapfe of this 
curve and the related words: - sinuous, Sbd Insipuate? 
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We cK^d have chosen a polar e^rdlxiate systm for a graphic representation 
of y = sin X • We may expect a different l<x>king g?raph on a different grid, 
but we ^hoiiLld expect also to have sooie g^s^ietric (»>unterparts^ of the algebraic 
properties we maitipiffid earlier. ' ' ^ ^ 

When ve use polar {^rdinates we customarily use as varij-ables ndb x ^d 
y but^ r and 6 . r is now^a assure of the polar distance to the point 

. (^i©) f and e is m^isure of the an^e be^jjecm the polar as^s and the'polar 
ray througji ' (r^S) • Injthis context sccie authors say t}mt r is a ateafiure 
of the distance or modulus » and tl^t 0 is a s^eisure of the argent j or 

'as ^itude > 

^ A strong note of caution aaist be jaade in discuBsions of polar grapiis of 
equations. Prom the fact that a point does not have a uni^e repres^iliation 
in polar coordinates we expect that a set. of points •iittiy have several^ perhaps 
quite dissimilar analytrc representations. Any discussion of the relation 
• between a griph and its analytic rej^rei^enta'^ion in polar ccx^rdixiates saiet take ' 
account of this lack of uniqueness.**^ We rCTsniber that a pbint F . is on the 
gtaph of r = ^9) if P ^ has at least one i^ir of polar coordinates wW-ch 
satisfy this equation; Thua the poitft P = (10,5) is on the polar .graph 
of T ^ 26 , because 10 ^ 2(5) , but the same i)olnt could also have been 
located* by the coordinates (10,5 + 2s) ,,or (-10,5 + n) , or others', irtiere 
the coordinates do not satisfy the equatlpn J r ^ 29 * 

The polar graph of ^ = sin $ is 



given in Figure 6-2. CaA you now 
interpret the* graph to show that r 
is a periodic, bounded function of 0? 
We may note thatHhe related polar 
equ&tjbon for this graph is 
r = - sin (8 + n) = sin hence is 
identical with the origin^ ?^l€tr 
equation. 




' . Figure 6-2 

Both Figure 6-1 and 6-2, ^^ch are gitiphic representa'^ions of * y = sin ^ 
exhibit. a geometric property galled symmetry. I!be algebraic counterpart of 
this property will be discussed in detail after the f crowing exercises. 
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bomds for the glyphs of the foUovisg equations. 


(a) 


y B 2 Bl]^a4 


(f) y m 0.6 sin x -i- 0.8 




y sin 8x ' ' 


(g) y = ^slfli X + 3 cos 


(c) 


y 2' - sin 2x 


* (h) y « a sin + t cos 


(d) 


y •« i sin 2x 


(i) y a ein^ x 




y - If 4- 2 sin (3x + |) 


2 2 
(>) y = sin X - COS. x 



2,^ Express In ^erms of a v^b ,pOr^d the Tgpti^ds. and the period of the 
• ^erph of y a + b sin (cx * d) . • « 



6-2(b) gyaanetry , * 

, The *graph in Figure 6-1 i^ syimaetric with respect to the .origin (and' 
miiy other points), 'and to the* line ^ « i (and sany other lines), ^e 

' graph in Figure '6-2 *is syaaaettic irith reelect to the point (^^g) t *o 

•the line 6 f (and ssaay qther lines). We shall concern ourselves with only 

the types ^ synsx^try you have alx^ady met in earlier courses, ^^ive their 
definitions here for, the sake of «>Bg>leteness. ' ' / 

• ■ ' ' ' ■ • ^ 

Point Sjyimetry * Giiren a set of points S , and a fixed pointy M .| 9 is 
I symnetric with respect to M if, for each i^int P of S there is a 
corresponding point P» of S sifch that ML isi thte midpoint of HP* . (The 
point is called the point- iMnn^tfic iuage of «P with resj^ct to M , or, 

when the context makes the reference clear, the image of P with respect to 

Line Sjyigmetry * Gflven a set of points 8 , and a fi*d line L . 8" ijif 
syimnetrtc with respect to if, for e^ch point P of ^ S .thgre is a 
«)rre8pondins^int " af**. 8 ^uch* that L is the perpei^cular bisector 
Of ftp* . ii Ib sOTietimes called an ascis of syiroetiy of the set' S , which 
' may have ax)re tbant>ne siich axis. We saaetlmes borrow terminology from |he 
applications, and call L "an axip of reflection ? in that case we may also ^ 



call P* th^ r^flfected image of P wit^^r^8|^t to^j^^. or sin?>ly,^the 
reflection of in* Ci . * / ' '-ii | jf^ 
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In r^ctangolar roo]^^J3M;es m <eead^ly establish an algebraic- test for 
e^yroetry vlth reppect to^he Qrlgin/ OTv? ^i^oJtnt P^^ ^ ^ l^ge 

" ^'^''^1^ rgs^ct-to tJieyBrtgln. ^ is an the graph of 

fU#y) then f(x,,yj^); »hO' . l/^be grap^ Is ^metric with respect to 

the origin for pach point ' *° graph awst also cotitain 

th^^ point P* ^.(-x^^-yj^) /• that is> -^never f(xj^,yj^) = 0 we must alsjj 

have f t-^#*yi) = 0* • yields cHxr test: 



!rhe graph of an equatio^ in rectangular cod^rdinatea is s^rxsnetric 
with resx^ct to the origin if an eqtiiyalent eqjtuition is obtained by 
replacing ix,y) by (^x,-y) . I 



We 3say now test the eg^tlon y ^ sin x , yiblch may be written 
y - sin X a 0 . If we designate the left mei&er as f{x,y) , \A have: 
f(rx,-y) = -y - ain(-x) , or* -y + sin x , or -(y - sin x) , or -fU/y) • 
This is dearly equal to zero lAenever f(x,y) is 'equal to geroj therefore,' 
the g:caph is symmetric with respect ttf the origin. 

« As a se&DxA exasi^le we may test the eq]uation y » x^ whose graph is 
called a cubic parabola T Tf \m write this eqoatlon 0 and 

■•all the left'wCTihejT fC»5y) , then we find f(-x,-y) = (-y) - i-x)^ -y + 



Clearly this is zero lAenever fCx^yJ = 0 , thus 



our^st'^for.syBaa^Btr^ is satisfied, and the graph is syraaetric with respect^ 
to the origin • 

Th^ test for synsnetry with respe^ to any poi"^ M « (h,k) other 
than the origin, is not at .all difficult, tSut will not be presented here.- If 
a curve has* such synanet^y, we ean usually find a slm)ler analytic representation 
for it ij we ule the cent^r^of symmetry cls a new origin. 
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1^ 

c 



find a Bljsplp etlfieb^mc t^bt for 
* ' -t? • • • ' ^. . - ^ 

gyBSttetiy-'with respetrt the aicee.^t K 

point . 'P h (x,y) Ms tfie* isfflge ; 

?• « C-X,y) yith refepectvto the * 

y-axi's, ^«ar P"^'«' (x,-y) »w^th respect 

%0, the x-axie . ^ 



t. 

I 
I 



Figure ^-3 



^ * These 'relations^ X^dUto bur test • • , 

If t?he graph is- 5X>^^3Pic\vith re^c^ / ^ * ' 
' t6 the y-axis*, 't)iexi>" ifor each point; * - • • " 
•p^ « (Xj^,y^) on' the graph th^re^^Jist ' 

' he 'a pQint ^"V^l^ 'aisb on - ^ . , 

the graph; tlmt is, l^"^^rf«jg^ = b ,,sq also i&st ff-Xj^^y^^) » 5 IThitf , 

n^ans thal^ the eqjiations^ f (x;^y)' = 0 ,^ ai^ f (-x,y) = 0 fUBt be e4tt:ivalent^ 

eqjuuitione. Wte alMDv that the graph of y = stn x in rtectangular'cQorinate^ 

do^s not have this type of symitetry. This equation can he written as 

y - sin,x,- 0 , or f(x,y)-=: 0 • Then f;^x,V) ' ^ y " sin (-x) or 

y + sin X , which clearly need iiot equal s&ero when if^oc^y) * y - sin x jioes- 

The test for' symmetry with retpect to the x-axis is analpgcAife and wie 
suianiaxrize these two tests: 



The graph of. an equation in rectangular coordinates \s sysmietric 
with respect to the, 

(a) x-axis', if an equivalent equation is obtained hy replacing 

ix,y) by ^(x,-y)^ ; ^ 
(h) y-^s, if an equivalent equation 'is obtained by ireplacing , 

.(x,y) by (-x,y) . ^ ^ ' I * 

It is quite possible, for a graph to be syiiiBfetric witi^ respect to. both 



«xes, The graph of x -t 



ky = 36 is an ellipse 'ana it exhibits such 



(louble syiBinetry both algebraically and geometrically. 
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' • ' 4 . ^ ■ • ."Figure 6^1^ . - / V / . . 

^ ^' If can be' expressed ks an*expli<at ftuactioA , y , 

*auch tbat t(x) t^oirtains only even potmrs ctf x ttien^w sajr tlat * y }.s 

in eVep fimetlon W x , and^racognl^ that iW jp^i^ Is ^f^ii^e^c witli reapect 



to the y-axls. Same e3ceaiqple& of even funetlox& of x are: 

: y « 7x^ ■ y ^ + 3x^ , y . - 3x^ /y « 2x^ -4'* ^ ' ' 

Ifote that the eqju^lon x^ + hy^ |- ^ <toes not' define y ' ae a function 

of X , or X as a function of y • * Bather, it yields expressions for y 

^ • ^^^^^ • 

as two (even) funoticaap of x , that is, y " h/^B.-.x^' , and y « -%^6 - . 

The graphs, of these functions are semi-circuLaaj arcs each of which is, in 
fact, ^ncjetric with reepect to the x-axis* • ^ 



Where x and y are related iii^licitji^^ ai^l^^ticm ^(x,y) -^t) , 
we iffiy still Use the concepts above. If f(x,y) .contains cmy even posters 
of X , then f(x,y) = fC-x,y) , and the graph of 'f^,y) * 0 will be 
syiaafftric with respect to thfe y^axis. Thus we laay stiH relate the syxnn^ry 
of the graph to even functions even trtien tli^e functions are liiQ)licit# Scane 
exaii5>les of even iii5)licit functions are: ' l 

'(aj 'x^y 4- = 10 , whose graph is symmetric with respect' to the' * 

y-axis but not 'the* x-axis; , . * 

♦ P P li * ' 

(b ) X y + Jxy + 2x = 0 , ^^ee graph is syAtetric with respect to 
•yie X-axis but not the y-axisj . ^ ■ ' 

(c) x^y^ + 2x^ 4- 3y^ k , irfiose graph ^s syrsoetric with^respect to 
' both axes . * * 

Ifote that the graph of x + 4y =: 36 is syiaaetric with respect to the 
osigin also, since f(x,y) - f(-x,-y) . Which, if any, of the. graphs of 
a , b , and c , above are syna^ric with respect to ^ the originf 
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gyiroetiy with respbct to at^t lines will v£ft l&e gepe y r tl f y discHBsed 
here, birt* lAire is a slagjle test f or 'syiaBetxy ^-Wh Respect -to tJiQ lines iitilch: 
bjLsect the aiig^es foxmed by the a^s. 



Shese. lines are L^: y « x , and 

I^:. y ° . The i:ef lection of 

.P » (x,y) in L^-.ls P» » (y,x) , 

and in is- P« - (-y^-'x) as a®y 

1>e seen in the figure. 

The con^spondihg test follows 
as hei'ore and losy he stated thus : 



N «-. 

\ - 

N 

\ 



p' 



' ' Figure 6-:4 

The graph of an equation in rectangular^ coordinates is sysBnetrtc with 
reelect to the linej^ % 

(a) y =:= X , if an equivalent equation is obtained by replacing 
(x,y) by (y,x) ; 

(b) y = -X , if an equivalent equation is obtained by replacing , 
(x,y) by (-y^-x) . » " ' ' 

Ixangjles: 

i . The graphs of the following, equations are synsaetric vith 
respect to the line *^ = x j • 

(a) xy = 6 

(b) xy = + y^ . 

Ill 

(c) X + y = a , • 
(dj X + y'c^ 10 

(e) x^ + y^ - 6x . 6y = 12, 



2. The graphs of the foliovlng equations are symmetric with" 
^ respect to the line y ^^--x ; 

(a) , xy = 6 ' * <f I 

(b) y = X + 3 



(c) x^ + y^ - 6x + 6y = le 

% 

(d) •x^ = y^ + xy ^ 

(e) y = xV + 3c . 
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IT a graph has an axis,.of syimetry i^rallel to the x^axia or the y^axls 
it ^ have a ^la^er analytic representation if we use nejr coordinates 
based on this a^ds oZ ^yvmstxy* Such trai\p^oraations\of coordinates cure 
considered in detiiil <3iapier 10, Tests' for symetiy with respect, to 
* other lines thaji<4*ffse laentioned are available, bO^ they ar^ beyond tl^ 
*scopl^of this book. ^ , ^ 

« These coments on syAaetry'^in^rectangiilar ccKix^nate^ haye their 
counterpiarts in pol^' coordinates. Point syssjetiy with respect to the pole 
requires^ -Chat the grjaph of f (r,0) = 0 contain, fOr each point P = (r^jfi^.^ 

the corresponding point ' P*,= (-r, ,0, ) . This oondition- will be satj^sfied 

* 

if f(r,e) is an' even function of r . Note that the condition is 
sufficient to esta'blish suq^ syraitetiy but' it is not nedesaary. .Thus, the 
graph of r = 5 is a^ circ/e with radius 5 , and it does - have such- 
syrsmetry, but thi^ equation do^s not define an even function of r . We will 
not analyse the g^emL situation, but note that r = 5 aivd r = -5 are • ^ 
related polar -equations for the same circle. These equations may be written' 
as r - 5 = 0 and r + 5 = 0 

multiplying corresponding numbers to r*^ - 25 ^ 0 . This equation does 

give an even function of r and its graph, \Aich is the sanse as that of 
r = 5 and of r = -5 . fs therefore sysaiKtric with respect to the pole. 

The point P = (r,9) has, as its imge wi-Hi respect to the line 
containing the polar axis, the point P* ^ (r,-§) . We will not treat line 
^ symmetry in general, but we note an easy test for symmetry with respect 
, to any line through the pole, say- the line 6 = k . In this case the poitits 
P = (r',k -f- a) and = (r,k - a) are line-symmeta^c in|ages for any^vaiue 
of a . 

. P 



, and then combined as in Cha{)ter 5 by 

2 





Fl&ure 6-5 
,31-0 



? 

ife state a test for such syaaetryz ' . ' - 

. » Hie pdlfiLr graph of- an equatiqp is^ syaaaetric .with respect toOte line 
B » k If. an equivalent eq]Ltatlon le obtained by replacing (r,k > m by 
<r,k • a) . In partlculari the graph wili^ .ayiawtrl^c ^th rempect to the 
line along the polar sxLp if. f(r/e) « f(r|-e) . - 

^ These sho^4 9gai^ be recognized as suff iel^t but m>t necdssary 
conditions. I^ce we 'have infinitely mviy polar resiresentatlOM of the 
syiametrlc po|pts im* we could &ve infinitely mai^'t;efit for iuch 
, synsietry. !Ehe«test we have presented is the*si^pl|^ to. apply, and, with . 
the ooni?ept <^ z'elated polar equations, is ade<pate f03? the work of this 
course. ' \ 

ve go back to an equation frcm E&gple 1, r sin & , we 'i^ write 
it r - iln 0=0, and cdll the left ziOTber of this eqixation f (r,e) . The 

^agram there suggests that tim line d » ^ is £tn axis of sy^Qtaetsy and we 



0 



coi^pare?^f(r,^ + a) and f(r,| - a) The first of these becomes 

r - 6in(^ + Q») , or r - cos a • The second of these becomes t ,^ sinC-^ - a) 

or ir -''cos a* • The identity of these expressions established the line 
symmetry of the graph, as indicated. We may have stated, in corresponding 



Mnner, that the point P = (r,^ + a) is on the curve if and only, if the 
corresponding jKJint P* = (x,^ - a) is on the curve. OMs is, in effect, 



'a 

vtwLt we have slujvn. 



i 

• Exercises 6-2(b) 

1. May a 6et ol points have two centers of syinzttetry? Discuss Jour answer, 
with exajiQ)les. 

I a 

2, Give'^an exaJuple of a s^ of points -/hich has exactly 2 axes of eym^try; 

exactly 3 I e^ctly ^ . ' . • 

♦ 

3« Crlye an exao^e of a set of points vhidS has an infinte number of axes 
of symmetry. 

km If a- graph is synmetric with respect to both aj^es must it be synssetric 
with respect to the origin? Illustrate* 

5. If a ^:aph is symneljric with respect to the origin must it be symmetric 
with respect to both axes? , . ^ 

. • 211 - ^ 
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6. Uspuss tbe aymetxy at ^ graphs each of Vss eqjurtloxxs listed; 
(1)) * - ^ X + y ' '(IX r « sln^ 0 

(e) x^y + xy^^ 1 " ' ' (o).\r '= ^ ^ 



li 



/ ^ ^ - ' 3 - cmie - p . 

<f) (x + 2(x ^ y) « 1 (p) cos^ 10 . , - 

(g) (x + y)^ + 3(x + y) = 1^ (4) = sin 26 " ^ J ^ ! 

(h) x^ + y^ = y^ + x^ (f) , r = 2 Bin 3© * " 

(i) + x^y^ + y** =. X + / (b) r = 3 + 2 cofl(a + f ) . 

(J) x*^+y**= l ^ (ty r +b sin ^ - * 

» • - 

i» ■ - - > 

ChalXesge Problem 

!♦ (Ftor dlscufl8lon) By amlogy with Hae esmmtry In two aiBtensioas, 
conaidOT syametry with respect to a plane in three difiienaiooa. Wb 
are familiar with our reflected Images in* a mirror and acceiit the ^act - 
that there is a "reversal" of qome sort^ The reflection of vsy right 
hand is the "left hand" of W reflected im^. Whgr ia this refarsal 
rmiy left-right? Why is there not also a rerer^BLL of top-hottooi, so 

"^that my x^lected liaage vould appear to atand' cm its head? 

^ *" ' • 

2. Given the li»B L; ax hy + c « 0 and the point P^^ » 

on the line. ^Find coordinates for Pg = (xg^yg)* SyBmetrlc image 

of P^ / with respect to L-. • • 



6-2(c) E3Ctent , - * 

. We discussed the equatW + ky^ = 36 earlier froia the point oC 

view of symnetry. Ve use it now to discuss the extent of "a ^ph. This 

equation yields two equations \diich define y as a function of x , 

^ 

y = i/36 - and y = - - x^ . We see that if we take VBlu^s'of 
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i^ch'vlll lead to real values 

i 



• jx| large e^jugh we sliell have in ferth^ crises corMspoi^ing values (rf y 
* \diich are tmj^ijpa^^. aiace our gmj^is Wilder only rMl values 6f x axid 
y ve Cbov y^ulre abmrt possible values of 

of^y , and vice versa,' Ki these cases we oust hove -6 ^ x <g 6 or 

|xj 6 • ^For these restricted « values 

of X the correspodSing values of y ^ . 
f • 

range fr<»n -3 to 3 • The geometric 
versions of these restrictions can he 
applied to the ©ra;^ of hqth fuhctions 
of X defix»d^ albove, hut^it is ioore ^ 
useful to coQsiddr the unloxl of these 
graphs/ that Is, the gra|Si of .the 



original eguatioq 

2 ^ ' 2 



36 



. i«Vo0i the discussion above ve see that 
the- points of the graj^ all lie In a 
i^cftangular regic^H 12 units vide 
and 6 units high, centered at the 
origin* If ^ in genera^, we can express 
y as a function of x , and there are 




Figure 6-6 



such restrictions on values of x / as will yield only real values for y , 
we say that the dcaa^^ of the function is b^mded. Thus, all points of the 



iv^6 - x^ are confined to a strip.jK»i2^d.by two 



graph of the function y = 2 
vertical lines, x = +6 , as indicated in Figure 6-6« If, in general, the 
possible i^al values of y are similarly restricted, we say that the range 

"of the function is bounded. 



Thus, fill points of the graj^ of y 



are confined to a strip bounded by tyo horizontal lines, y ^ t3 s ^ indicated 
in Figure|6-6. If both the domain and range of a fuadfion are bounded, we 
9ay that the ft»ij^i bounded^ in which case its graph is confined to the 

intersection of a vertical and horizontal strip, *and is therefore confined 
^;o a rectangular region. OSiese tenas are us ua l l y > applied to equations and 
their gra|^ even when the functions fi^re <mly defixied lix^ilicitly. Tlais, 

op 

vban we .day, that the "graph of x -f 4y 36 is bounded, we indicate that 
it is conCtaihed in A rectaiigle, as nientioned earlier. 
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y ^ 



fix) ^ 1 1 . 3^ . 



Ve nov note tbfit ve mst ta^ imlues of |^|: las!^ ez^Agh to sake the 
^dlcand non^Qesatlvej th&t Isj > 
jx) ^6 , yAici^ will be tme if ejbther ^ 

> 6 % or^ X ^ -6 • Geonieterlcally, ^ 
this means that is defined^^nly 
for p6lBt0 th^ed^^ or cnrtside 
t^'ipert^cal s'Jprig boun^e^by the, " ^ 
lines ^A^ck^ are^the graphs ^ 6^ , 
and X ^ -6 • li&th tdiese restrlctionfa 
^ on X ve 'iBayjk)v hare my value of 
y • : The original eqjiatidn yields tw ' 
equations i#hich define x as a function 



of y 



4 

x « 



1^6 + ify^ 




Figure 6-7 



V36 + V 



and ve see that x in both cases is defined for all values 



of y . It Js iDS^ customary ; , in -this ' case j io speak of y ^ * 36 

as a bounded fuiiction^ but zoerely <o say that the dcsofidn of ^ excludes 
certain values* , ' ♦ j 



Another concept esnerges vhen we consider y = • The do main of x is 

also restricted here since x canmrt equal zero* With this exception, y 
is defined for all values of « Geoaaetrically, points of the graph are 
available except at the places vhere the atscissa is sero^, therefore this 
graph dros not touclt cJr cross the y-axis*- If we write the eqjuation 

X =5 ~ , we see that the graph does not touch or cross the x-axis« Also^ 

from the fact «fchat xy = 1 , we i%iet have x and y either botl^ positive? 
or boti negative, lAich n^ans, geometrically, thai we are* confined to the 
first and third quadrants exclusively. Fr&m the equation xy = 1 we see 
also that as we take pollute of the graph nearer the x-axis we mst tcUte th^ 
farther fro© the y-axis, and vice-versa. A line, such as the x-axis in this 
c^se, to \^lch points of 'the g^^h approach more and more closely, but tdii'ch 
t^ntainfi no point of the graph, is called an asyBg)tote of the graph. The 
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. * ■ . ■ ^ 
Our exainiaiM 1^ 

•tewtaaeafci tof asysptotes in sevezal 
» situ&tioasp Isv-t we nake ft general 
pbservatlola. If our a»3ytic reiHfe- 



sentatlon baa "be vtltten ad 



4 gUJ 




i^iere * g</i) laay eqtial zero for si5pw • 
•value of Xf s^. x ^ a tben, "for , 
•this value tff x , y is aef iMd^ 
Also, If, f (b) / 0 tUen, in general, 
^ ve -tiake values of x closer to b 
^ correBponding values of y Ijaasae 
greater ia absolute value. Ge<aMt- 

.itt.cally tiri.8 ueuelly m^n^ that as ue take points closeu to the line jt 
t^ nttst be farther fim the x-axis. Thus, the line x = b is a verti 
asymptote. If 6(x) = 0 has ropte b^^ , , ... , and these we not - 
of f (x) « 0 , there will , in general,' be vertical aeySiJitotea, x = '^j^ , 
x'o b , ... . ^aiere is bo difficulty m advising thes4 coameats to ajrpUr 



to h^A^tal asytrptotes; If we can vrite x - J and k(y) » 0 has 
' c c , , and these are mt roots of h(y) -#0 , then, in general. 



roots 



9- 



there' wlil be horizontal asyn^totes, y = , y » ' *" 



■ ' ^ ' 

■Sx^'le f Jttscuss and sketch the graph of 



\ 



2 

X + 2x 



r 



' Solution ; The equation can be written as y (x + 3)% - l) ' ^^^^f 

jTOta. the discussion above, the curro has as vertical asyii5>totes tlte lines 
X = -3 aftd X = 1 . y is not defined for these values of x , but*^ 
. y ie defined for aU other 'v^ues of xi If x > 1 tfnd increasing then 




Figure 6-9 



y iM positive, decreasing* for 
luge values of x the values of ' 
X + 3 and* x - 1 are relatively . ^ 
^slose to values of x^ and y is 

relatively close to j # lAicli is 

.1 

positive; tber^ore, the (^^arrespondlng ^ 
I^ixxts of the mrve are' dos)^ to -She 
X-axis* X& 0 < X < 1 the numerator 
Is positive a:^ the denominator x^gative; 
thereforij, y ^ is negative^ Bie curve* 
still approaches the lir v^ x 1 as 
an ai^nsptote, bjut from the other side* 
If -3 < X < 0 the nuifiBrator and 
denominator are lK>th hegpative, there-* 
fore y is positive* As before, the 
eutve approaches the line ? « ^3 as 
an^asyi^ptote* If x < -3 then the 
miaieratw is^ negative^ the denoaalfiSC&r positive j and y negative* Tte 
curve" eg&ln approadxes the lihe x = -3 as an asyngrtotej but from the^ left 
side. 

Wot ne^tive values of x with large absolute value the v^luee of 
X + 3 ^d X - 1 are relatively close to x ^ and the corresponding value 

1 

of y is relatively close to - , vhich is nov negative. OSiat is. as ve 

take points of the graph farther* to the left, they iBUst bfe closer* to tjhe 

X-axis,' f rem below* Ihe graph, ' pictured in. Figure 6^9, shows that 

algebraic and geometric relationships we have discussed. 

^ ( 

A dLsoissicm of the appearance of a graph for large valuesv^ jxj, 

or jyj , lAether we take x and y positive or negative> is part of the 

discussion of the exte nt of the graph, and is sometimes refeixed to' as a 

discussion of the behavicmr of the graph for extreme values of th^ variables* 

ISie concept of excluded values because of a zero dencjaninator has one 
further applic&tiojp* Consider 



y = X + 2 , and y 



X - 4 
X - 2 
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It wold not be ccarrect to write the seccmd equaiicm m ^ ^ ^ 

and thea remofve tlief osaoon factor i s , 

V to axTl,t|^ at the first equation ^ ' ' ^ • ' . « * 

As a in^rtep of fact, the tw e<]]Liatlani& and their graphs aare different in ef - 
/ " F pyjii hirt significant vay. In the first eqiiation, y is defined for all «3C j 
in the second equation y Is defined for ali^.x , exceyt x ^'2 % 
GeoBetrically, the graph of the flrsi equation is a llney the gjgptph of the 
second equation is a line except for a siissing point at the place tAiere ^ . 
X « 2 ^ that is, it is an intempted line. (CcHild,,you li^rrupt this line 
at the place >Aere x = 1 , aim?) ^ V 

OSie dlscusBlcm of these excluded points, lines, or regions is useful ia 
descrlhin^ the extent of the graph. It's" all very well to Iomw where the 
graiix does not go, but ve are still concerned with ttie points throu^ which - ^ 

it does go, that is, with drtiwing tl^ graph. The most stral^itf orwrd w 
of drawing the graph of an equaticm is to Plo^ ^ nui^er of points cm it and 
draw a curve through than. If the equation has the fosm y « f (x) ym can 
OT ke a table showing the value of y corresponding to ^ch of a nuxEtoer of 
values of x . You have dona this inany times In the -past, and th^e ifi no ] 
need to go into detail again tore. kowever> it is worth imindLng you that 
ysu should think about Jjow ma^iy values of x to tise, 'and which ones, and 
^w to Join the corresponding points . ' 

As in an election poll, we take enough saji?>lpB, with special attention ^ 
• ■ ■ ,« 

*to certfidn critical spots, urrtil we have scm? reasonably* clear idea of how 

the whole picture will look. There will always bq soaae disagreement about how 

many'' are ^em>ugb'^, and what is "reasonably clear**. Our saaqpllng can start 

at 80^ easily available points. Cto our grid we can most easily find the 

places iAere the graph crosses the axes. Since the x-axis, for exan^jle, 

has the equation y « 0 , we My solve slaailtai^ouslys y = 0 , y = f (x) ; 

that is, we may find the roots of the equation f (x) 0 , in order to find ^ 

the abscissas of ttese crossing points. ' If f(x) = O^has roots a^^ , ag , 

... , tten these nuiabers^are the x^lntercepts of the graph, which goes 
through the points (a^^^O) , (a^^O) , ... . Tl^se points are easily plotted 

• ' / . ■ ■ 

a 21? •■ , 
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on the grid, as are tt^ Vol&ts of intersection of tbe graph vLth the ^^•-i 

• Jut, XK) mttmr tov aany i^lnts you plot, there eLlnayB r^ai^^is the* ^eerl^ 

of. hov 4Ehe curve^^have^eli^eidiere, ' If^s to cast further^ai^ht osl this 

qpicstion tl»t yew eh«ad Investigate ,^a>ef ore axxy extensile c<s^ta1jlon, -tJ»e 

prop^ies of the curve and its amlytic rei»resentation In th& manr^r ve ;| \ 

hscre Just illustrated. We sinnaartze this lyj^ of investigation in mnaaoda^c \ 

iom: "Check ^the.l^EEA firpt." (aynaetxy, Bctent, ^riodicity, In1^ept&, ^ 

AsyB^totes • ; , t 

^. ^ • 

a!he curves and eqjiatioiis with %rtiich ve deal in thi^ course are reasoMihly 



well behaved, and the poinlte of the g^h are usually sBioot^-connec 
Hiti certain notable exceptions. We have alt-eiiSy dealt vlth\raphs Of in- 
1^ equalities in CSiapter 5 , and will not deal with thaa at' great length here, 

but will consider ^em in the exaaqples tAenever there is any natter of . 
special interest. ' 

u A curve usually separates the pli^e locally into tw regions (above and 

belo^ Inside and outside, ••#). In sany cases in this text the^pq^pte in 
these two regions *are precisely those wbose coordinates satisfy one or th^ 
other of the inequalities we obtain from the original equattfSl* IjOius the 

^ph of + = 25 is a •circle of radius 5 , cerafcL-red at the origin. 

• The graph of + < 25 Is the Interior of that circle, and the graph of 

^ • * 

X -I- y > 25 is the exterior* 



We have xised rectangular coordinates in this general discttesion, hut 
' much of it can be sda^ed to i^ar coordinates, though the grapBfcwill not 
have the san» ge<^j^wlc properties • In polar coordingtes the graj^afe^f 
inequalitijes are sgSfetimeB , unexpected. Thus the graph of r 5 is a 
circle^ the graph o^ r > 5 Is the region outside that ciTcle, ^t the graph 
of r < 5 i(^^|-^eKe entire plane. The graph of ^ = ^ is only a r^iote cousin 
to the graph of y = i . The rectangular graph (a hyperbola) has a vertical 

asymptote, the line x = 0 , and this is a gecsjietric consequence of the 

* * 1 

' fact that y is not defined for x = 0 . Prom the equation r = ^ , 

we see that r is not defined for 6=0; nevertheless the line 6=0 

' / 1 \ 
contains the point P ( , 0) . This point has infinitely many other 

k ^ * ' 1 

polar representati^s, including j^rticxilarly 'P = ( — , jf) , and since 

these coordinates satisfy the elation r = , we must allow P on thie 
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graph of d > 0 . There as -a mat9^h|i^ f^*^ Infinitely 'mny other 

pqists.for vhic^ v^^^ ffndi ^(assm»J^^ae ot, polar 9oo|^a'ix)iates that satisfy 

1* ' *>• ' 

r ■ T*., and which lie on th« line 6 « Of., Sherefors this line ia.jjot in *- 

' •' ' 1 1 • * • • 

aaysQitote •foi;jtbe gz^tph if x - g--. • ^ 



The graph of 'a* » Q^®®* 

V 



nevertheless, h^e>.a >rue araTrotote, >i . • - ♦ . i 

the line corj^fipdndlng to r'« r ^ - - , . / ^f/^\ , 1# 

but tljjB discussion of this amst coaisiSer ■ \ / ^ ' " 

the yaiutf of ^^^^ as « gets qloper ^ / - ^ / ^ 

to 0 , and this discussion is b^ond the / , « 

scope of this book. * Pigiire 5*10 



We will, in the examples an^jj^^xt that ^follow, us§ iK>lar ^representation 

or any other that seems approprla^ip to the problem and our purposes, and 

carry the discussion to the level and' deta^r thE^ seem fitting.' exaiziples / 

i \ f 

will illustrate the general principles abfrre^ and some ideas of les.s gener&l 

application, but the stude^ is urgfed to extend his own experience by doing 

as many of the exercises as he can. ^ One sxiggestic^ ve have found valuable: u 

an equation and ilts graph shotild be considered, in a dypamlc, rather than a 

static way* If we have y = f(x) , what happens to y when x Increases a 

little, when x approaches 0 , when x gets veiyla^ge? If wts^have a 

point pQ ^ ^^O'^p^ ^® gi'aph, hoi^'^does the ctirve look, near that point if , 

Thii^ of thfe point as moving al^x^ the curve, and our analysis as a moving 

picture of the point rather than a snapshot of the entire ciirVe- 

6-3, ConditionB and Graphs ( Rectangular Coordinates ) ^ 

" In this section we shall discuss a number of exaarples in detail- This 

discussion will "^ring together and apply a number of topics you first 

studied separately. We shall illustrate also some useful approaches that may 
be new to youe / ' . ^ . 

Example 1 . Discuss and sketch the graph of ^ " ^ "^^ x * ' 

219 9 K 



Soltttlofi # Oiere is no syBnietxy vlth respect to either axLp, since ye 
ao not get eqjoivalexEfc etjmtiqns by- replacixig x . by ^ -x } or-^ y -y • 

Zbere is ej^^txy vith inspect tc/ the orLg^i bec^oiee ve do get an eixtiivaletst 
eqjLUition by replaclnjg - x by -x and y by -y • T&eTe is Ik vertical ♦ 
asyB^tote, the y axis, id»8e equation is x = 0 . Fbr laj^ |x[ and 
X el-Uwr positive or negative, y and become relatively eqjiaX, 'since 

± becceses relatively bk^OI^ Geoioetric^LUy this nieans tbat tbe^ graph 

*x • • " . , ^ ' • 

approaches the line y = X ^syir9rtotically, frcaa above, oh the rie^t, and 
, from below, on the left. * ' 

* shall grw^ t^^ eqjiation in a w lAich nay be nev to you^^by addition 

of ordlnatg8 # You toaw fairly acSS^e gx«phs of y*«*x and y = - 
with almost no effort* Do so, vlth respert to the saz^e axes. Thqn, for eftch 

of a number of different values of xj^, add the y-cOorOirates of ti^ points on' 

♦ 

the two ctavos vlldi that x-coordinate. 'OSie resxat is the y-ooordinatjl of the - 

r J 

coitr^pohding point <m the graph of y » x + - . The addition can brf done 

.\ising aarks cm the edge of a, piece of paper, but you must pay attention to th* 
algebraic signs^ The sketch below iUustimteB t^^^rocess. 
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26 •• 

220 



6-3 



We Buas^st this sequence of stejNs: 

1. IMtv tbe fumntnr curves axxd © • 

2f At^ several poliKts along the x-^axls ei^ct peri^dlculars to meet the 
*^ ^tw ctzr^s. Xn Figure ^11 the ardlxtate'segp^ts, a > b , c ^ iiere 

fou:^ this «y at x = ^, x«l,x«2. (ite shall refer to 

these ordinate se^pients sliqsly as the ordiimtes.) 
3* Add the corresponding ordiiiates for the tw cuTTes vlth due 

regard to sign. In Fiffxre 6-11^ a ^ the ordinate at ^ 

1 - . . - 

X ^ is raised to a* ahove the hyj^rhola; b is raised to 

b* above the hyperlKjlai c is raised to above the line; 
and so on. 

Cbnnec^ the nev points thus found^ to get the new qjtirve. 



2 

gxample g(a) . Sketch the graph of ^ y rr x ^ 2 • 
Exantple g(b^ Sketch the graph of y « sin - 3 • 




' A L 



A. 
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\ , Figure 6-12 \ 

r . ' ' 

aplutiofi g(g) « Draw the fsaniliar graphs of y* = x , indicated 

i • - 

@l in .ia* figure tod of = 2 , indicated by © in the figure. Then 

"raise" eveiy point of 2 units, as indicated by the dashed lines, to get 

the graph (§) of y = y. + y^ = -t- 2 . 

f . y 221 7 
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> 



2(b) ane solutW Btould l>e tlMT from tte' figure is left to the 
student* ' ' ^ - ' 

Eie process of grai^iins by BUjjtraction of ordinatefl is related to tiifi 
process of graphing y - -f (x) f«m the sn«»h of ' y - f(x) . ae aiBCuesion 
i syianetry in the previous section Indicates iBUjediateljr that these two 
graphs synBietric Unages of eaeh other with respect to the x-aads. OSiat ■ 
is, tlys graph of y -f(x) is the reflection of the graph of ' y « f(x) , 
with jfespect to the XnBxie, 



. . .2 

Eaaagle 3(a) * Sketch the graph of y » - x . 

EKangge 3Ch) . SStetcb the gra^i of ^ y » - cos x 

ff 

Soltttiont (Kefer to Figure 6-13) 




• Figure 6-13 

3(a) Construct the familiar graph Q of y = x i then extend the ordlflatii 
of €«ch point of ® down its own length through the x-aitis to get the', 
reflected points, whifh we connect to ohi^ the solution, (D . ^ 

3Cb) Bie solution, indicated In Figure ^13, is feft ^ the. class. 

We w now sket^ graphs by subtracting ordinates, since, if y 
. y = f(x) - g(x) , then y-= f(x) + (-g(x)) . 
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gxaiiple Ma) # SJoetcaj ttm garatpb of y « 3 - • 
ficiiBile Stetch^tto grapb ^ y 1 * sin x 

m 

Solution 4(a) > tRefer to Blgoife 6-l4), 




Pigmfd 6-14 



We suggest tbese atepsr 



(l) Drav the famlUar graphs @ : « , and (D y^^ « 3 



(p) Reflect ® with respect to 1^ x-axls to get* 



(3) Add the ordimtes f or @ and (D to get <S) : y 3 - x . 

This last step is equivalent to adding 3 imits to ^ch ordinate of 
(D^ as indicated on the -graph. 

We may extend these graphical methods to the Bsatipli cation of ordlnatee 
We have already done this In some ca^es but not with this terstlxK^logy* Ibe 
graph of y a 2 sin x illustrates a sli^jle aijplieation of thi,f *iaetfiod# Wa 
ccojpare this ^graph with the graph of y^^ sin is and r^coghize that when I 

•y^^ = 0 then y «. 0 i ^Aen y^^ > 0 then y > 0 / and yhen - < 0 , then 

y < 0 # We Just draw the graph of y. « sin x , and double the ordiimtes Jo 



!0 
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find oorresyndlng ordiMfteB for y « 2 sin x • It is as If the grapl^ were 
str&tchod, vertically, frte the x-axls. 

I 

Example ^(&) # ^setch -Uie graph of y 2 sin x . 



Exaag ^e $(b) # Sketch the grajii of y ^ 2x^ "^^^ 




2v X 



y s Ztin X 




y>B2(x^ 4) 



Figure 6-15 



1 \. ' 



Solution ;3(a) > We sketch the faaUlar graphs® t ^ sin x , then 
toable ^ch ordinate of (S to ge'^^ the graph, (D s y « 2 sin x • Bote tMit 

■ ■ « 

"for 0 < X < u ve have 0 < y^^ < 1 , therefore 0 < ay^ < 2 . , (^nis (D is 

bounded betveen 2 and -2 . If, tBore ^i^z^llyj y » a sin x , then y 

is hounded between [a| and -|a| , . In this case |a| is called the 

asgJJ,tude of this slnp curve. li is the measure of the mftximna departure 

of points of the curve from the x-axis, and^has iB^rtant physical applications* 

Solution p(b ) . We hare illustrated the sequence of graphs: , 

(5> : y-^" i (D s Yq" ~ ^ ^ " " * ^ ^^^^ found 

the sasw graph with the secpxence © : y^^ = x ; (g) ; « 23t ; 
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(D : y " 2x ^ k . m leave the details to the Student. 

We iftay in giisexal relate tbe grajpb of = "bfCx-) to that of y^^ » f(x) 

if b is a constant. Both graphs cross the x-axLs at the sai^ points^ If 
b > 0 then both graphs are above or belotr the x-axls toeether . If b < 0 
then the graphs of y « -bf(x) and = f (x) are together above or below 

the x-axLse In this liM?ter case ve graidi = (b{ f(x) , then reflect this 

graph In the x-axis to get the graph of y ^ bf (x) • 

Exacgae 6(a) > Sketch the graph of y = . ^ 



« ^"g>lQ 6(b) > S&etch the graph of -3 ain x • 




Figure 6-l6 



sS^^ution 6(a) « Sketch the familiar curve ® : y^ . Itouble the 

ordinates^ lAich in this case are all con- negative, to get (g) : y^ - 2x . 

> Wioan^ reflect (|) in the x-axLa to get @ s y = -2x^ . 

4 

Solution 6(b) > We leave the solution, to the student . Bote that in 

gsaaqple 6(a) we could have used the sequence = x^'; y« = -x^ , y - -2x^ . 

ISiat is we cmild have' reflected, tt»n stretched to get the final curve, ij 
both 6(a) and 6(b) • Ve leave these details to the student* 



6-3 



Our fiwO. ^es caicsern aaaUiaication of ortinate^th variable factors. 
Biese are the most difficult, the Boat iaterestinfi, and the nost UBef)*l of . 
tbe appUcations of these methoda of graphins hy co«sa5imtlonB of orAnates. 

2 . * . * 
Exaaple J* Stetch the graph of y = x - x . 

* . 

Solution. 




t 



Figure 6-17 



We could sketch the graph W suhtractlon of ordlnatee hut we choose to 
illustrate the method of graphing by amitiplication of ordinates. Thus 
y = x(x - 1) , and ve draw the graphs ® : y^^ = x , and © : yg - x - 1 ; 
twj paraUel line's. When x < 0 then y^^ aA y^ are both negative and , 

their product, y , is positive. If x < 0 and decreasing then y is j 
positive and increasing, and corresponding points Of S are in the 
third quadrant ,' . • 

Since y => y^^yg , clearly y must equal zero when either y^ or y^ 
equals zero, thxis the graph S i^tersect'^the x-axis at A and B . Between 
0 and A we have 0 < x < 1 , idth ®,^above and (f) helow the x-axis. In 
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tills Interval y^^ > 0 , < 0 aad therefore y < ^^^^J3id tb^ graph is belw 

the X-axis. Between /A and fi ve have 1 < x <2 i^^Ikj^ y^^ ai^ y^ 

positive, therefore y > 0 « l!he graph indicates that s^i^ce and (§) are 
ahoVe tbb x-axi)s then (g); mst be also. Hovever In tti^t ii^ 



0 < yg < 1 



therefore ¥2^1 * proper fractional part of y^^ , thus y ^ y^j^ < y^ 5 
therefpre (g) is above © Imt below (J) . ^ ^ ' f ; ^ 

As X increases beyond B we have x > 1^ , y^^ and -y^ posl^tlire and 

increasing, and y increasing even moi^^orapidly, thus (§) is above both' 

® and d) . ^ * • V 

* . • \ \ 

We have t^Ulcen this tiji^ to discuss the graph of; what is, after all, 



only a piaitibola, because the aiialysis and method will help in more difficult 
and unfamiliar situationa. 



Exajg^e ^8, Sketch the graph of y ^ .Ix sin x < 

Solution . are familiar with the graphs of y^ = .Ix , and y^ sin x 
Since 6in x is a Ixmnded periodic fundtion of x we have jy^j < 1 and 
|y^| ^ j.lx| . The graph of this last condition is the pair of lines ® and 
(D in .Figure 6-18. 




; Figure 6-I8 



* 



I 
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Ife httve oss^orWesed tl^ scale alcws tbe x-atLs for the papoue ot ^tlcg 
enoui^ of ths graph cib the page to i!0uatrate the discussion. 

Vhen X > 0 , all ^ints of tl^ grai& lie vlthln, or the bqux^axy of 
the angular reglcm forsied by tl^ ri#it hid^-lix^8<,of Q and Since 
y » y^^yg , then y irtOl e<»ml zero \Aen either y^^ or y^ eqjmls gero. y^^ 

is 2ext) only at tt^ origiiij 1^ yp is zero at integral oultiples of nj • 

Also, \fbGxi yg « 1 we have y = .Ix and *en y^ = -1 iie have y « ^{Xx , 

vhi(A s^ns that the grai^ © vUJL to^di alternately the lines 1 and 2 

at points lAere x = ^/^,^,.... 
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Ife iMve the rest of the discjission of this graph to 'Uie sti^dent hut 
laention an is^rtant application* > , 

If ve consider tow the graph of yg « sin x is changed hy the variable 

factor yj^ * .Ix^ ve may think of the angOitudB of yg , as' chan^ by this 

variable factor # this exan^jle W may say ttatt the a^itude of si» x is 
increasing linearly. If tie tiad y^ f(x) sin x th^ ne also l^ve'a sine 

vave ^&ose angxLitude is being chaisged or constraiiwd by tlR^'variable factor ^ 
f (x) • The graph of y^ would be constrained \^ the feynBietric curves: 

y i f (x) ai^ y = -f (x) and wc^d oscillate ^^tween thoa, tcmching th^i 
alternately iA6n x«n,3n,5tt,.««,as before. 

l!his systeoatic cBanging of ttua aarplitude is called apg?lltude fflodulaticm 
and is the. basis for AM radio reception. A typical /eqtistion here wotad be 
y » sin lOOOst sin 100CXXX)nt . 

^ This graph would shov a rapidly oscillating curve (the carrier or 
radio frequency, or RF i^ve) modulated by a less rapidly oscillating curve % 
(the signal,' olr audio frequency, or AF wave). 




Figure 6-19 

This sketch, not tp scale, illustrates the idea. 

34 ' 



The methods Jtiat dlscuefeed, for relating graphs of equations to gpraphs 
of more familiar equations by «saibiniiig ordlnates are called by sOBie authow, 
ecgig)o3ltlon of ordinates. We apply similar techniques in polar graphs in b«»w 
exRiapTeo later* « 

We cOTBider nov some further exai^pled of graphs pf equations An Irectangular 
coordinates* 

Emga?le 2* - 9y^ + 8x + ^ k ^ X) . Pre® this equation it is not 

obviouB i^ether the curve is syragmetric with respect to any point or line, or 
whettier it has any asyaptotes. Nor can we easily see ^t parts of the plane 
it cloes or does not enter. We can f ind^as nany points on it as we have, the 
patience for, - since picking a value for x gives us a quadratic e(ffiation for 

y • 

Bie Bensi))l6 approadi, however, is to use a trick ym leiumed In algebra: 
cM5>lete the square in and y . We get 
, , k{x^ + 2x + 1) - 9(y^ - Uy + ^) = -i^ + 4 - 36 



These mnaerators are related to distanceB f rtaa the lines y » 2 and 
X = -1 , and we might expect a considerable singjllf ication, in the discussion 
of this graph if we had nev coordinates based on ti^se lines as axes, aich 
transformations are carried out more generally in Chapter 10, but we show 
the d«itail8 here in order to continue yith our di8(?ussion of the graph. 

If ve let u = X + 1 and v = y - 2' the equation becomes 

# \ V u , 

(1) • T - T = ' • 

Blis equation ^ cmisidiorably easier ;to haadle, and is recognised as 
an equation of a hyperbola. Ttou 4now scjiiietkUig, abcut tiyperT^olas, hy^t we * 
continue with our general approach so thitr after you hare seen it woi'k in 
familiar situations you may he able to use it in unfamiliar ones. 

The ^raph is synanetric with respect to both new axes, and hence with 
respect to the origin. 'If we solve (l) for v in terms of u we get 
V * - + 9 . , This makes it cle^ that for a lai^e, positive Value of 

the two values of v are one large and positive, the other large and ne^tive. 
(1) also shows that if (u,v} is any point on the graph, then jv| ^2 • For 



u 
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u2 ^ 

-j^/^O 9 and since - = 1 j TJ" ^ ^ • 'Siue no point of the graph lies 

4 

above v = -2 and below v = 2 • ' * ^ 

Eov let us consider the part of ctirv^ which lies in Hie first qjuadzant 
For this we can iise the egjuation ^ 



where u > 0 * It seems alo^st obvious that ^en u is large, t Is very 

nearly e<xual to jii . We can conflzm this guess quite einply. Clearly 

2 2 
V > f so let u% consider v - , in "Uxe hope that we can joove At ap- 



proaches 0 as u grows ve^ large. ^ , 



2. 2/2 ^ „ 2 



f</u2 + 9 - u)' 

2( t4^ 9 u.k/u^ > 9 - u) 
Vu^ + 9 + u 

2 4- 9 - 

3 



Vu^ + 9 + u 



By talcing large eiibugh values of u we can xnake v - as near to zero 
as wo llke# ISms we liave shown that in the first quadrantj the graph Hes 
above the line v ^u but arbitrarily close to it for large «iough « u . In 

other words, v = :tu is an asymptote of the curve. By similar arguments we 

o 

can show that v = is also asymptotic to the part of the curve in the 

'2 

third qiiadjant, and that v » - -ju is asymptotic to the parts of the curve 
in the second and fourth quadrants. , 
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She resuXtd sbcnra hsm t^^n stated In texas of tha ziew coQjrdf&ates . Ttiey 
easily Im restate ia tszss <^the old. Fear exmj^t tbe asyasptotes are 

' ' » p ^ ' ■ • 

the lines y - 2 - _ + l) . 

Finally we consider the intercepts. Setting u,* 0 is (l) we get 



1 , BO-the v-intercepts are 2 and ,^;2^ Setting v - 0 we get 



2 

V 

T 

- — « 1 Tihich has no solution. Hence, the curve does not int&rsect laie 

u-axiB. OSie X- aM y- intercepts can be foyxaS. "by the saae sort of proced^, 
but since VB are chiefly interested* In sket^diing the curve, let's not bother 
vith them. * • 




Figure 6-20 

The hyperbola is sketched ^ove. Notice that ve can drav a fairly 
accurate graph without finding the coordinates of aisy points hu^ the vertices. 
(What are the vertices of a hyperbola?) 
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IBiai yciu fl^st stt&oUled tbe bsfpertela ym leaamsd tbaA the as^rsEptotc^ of 
the hyperbola 



/ 



a D 



are given 1^ the ^pGktlcb 



- ^ - 0 , 



2 



^Ehl's la an iUustx^tloa of a principle vfalcb Is scaetijaes useful la akfitdilng 
Ipcl. It can he esqporraaed loosely in the foUovlng «By« It 
fix,y) » gC^^y) • h(x,y) ^ the graph of tix,y) » 0 is the unloci of the 
graphs of g(i£^y) » 0 Ih^ h(x^y) • 0 ^ Xhus since 



- y^ - X + 5y - 6 « (x - y + 2)<x + y - 3) , 



the £1^]^ of 



x^ • - X + 5y - 6*0 
is pair of the lines irtilcfa are the graphs of 



and 



X * y + 2 « 0 



X 4- y • 3 o t) • 



Befbre trying to ia!xnne the principle ve had hetter flM out inor^ accu- f 
rately*iAat it says* Let*s "factor" x y : 

.IKifbrtunatelyi the graph of • 

y X + y 0 

16 a Une^ the grai^ of 



is tvo lines 



, vhile t^ 



gra]^ of 



is the null 8 



X - y 
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a&e dimculty lies in the notion, of £)actoidAg« epeak of factor- 

ing iTpositive integer, we ^an expressing it as £h6 pxodnct of two eaBaller 

* positive integers . Wxen to speak of factoring aT^polyncoilal, ve a^ai expressing 
it as the. product of two polynomials each of Ixmar ^egrep than the giWi poly- 
nomial and having <x>efflcients of scoe specified typo (say rational nusahers). 
There is no such agreement as to what it means to factor ^ arhitrary function* 
R»^ur present purposes it is eiMugh to say that wb have a factori^tion of 
f(x,y) if, fbr every (x,y) in the dcaaain of f , 

) f(x,y) « g(x,y) -hCx^y) . 

Of TOurse, this allows uninteresting factorisations like 

+ y"" 1 . (x^ + y ) ^ 
hut it excludes the sort of thing that gdt us into trouble above, since 
X y is defined for every x aM y , while ^ \ ^ ^* defined if 

x = y . . ' ■ . * 

WLth this interpretation of "factor" we can state the principle referred 
to above. 

( . 

THEOHai 6'1 « If" f(x>y) iias '^'^ factorization 

^' f(x,y) = 6(x,y) • ti(x,y) , 

The graph of f(xjy) = 0 is the union of the grai^is of g(x,y) - 0 
b(x,y) = 0 , 

I 

Proof ; Tbe point (a,b) is on the graph of 

f(x,y) - 0 

if, and only if, 

> , f(a,b) = 0 . 



But 



and hesxce 



if, and only if 



f(a,b) =. g(a,b) . h(a*b). 
f(a,b) = 0 
g(a,b) =■ 0 

39 
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or 

« ■ . - ■ # 

• ' h(a,b) « 0 

that is, if, aad only if, lies on th^e grasl^ of 

g(x,y) » 0 V 

or the grajdi of ' 

I ■ ti(x,y) = 0 . 



V 



< 



!£• ^Hie gr«idi of 
' — (y.- X +4)(x^ + Ity^ - 2x" + l6y + 13) = 0 
is i&ade up of ihe gra|^ of ' - ' 

y - X *• 2 *s 0 



€md the gz^]^ of 



+ J^y^ - 2x + i6y +^13 = *0 



OSie former is a straifi^it'line. I;f we ijewrite the equation of tte letter In 
the fbim . ^ 

i 

we see' that it is an ellipse^ vlth center (1,-2) ; syametrlc ahout the lines 
and^ 

y -2 . 

and with laajor and minor axes of lengths k asid 2 , respectively. Both 
graphs a^e sketdhed below t' ^ 
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' *If we are* given two parametric eqjaations for a locus in a plane ^ there 
are tvo methods of sket(dxing the loci^s (imlefls the eqjaations are too cco^ili- 
cated) • We-can ellmlmte th^ parameter between the two eqiaations and graph 
the resulting equation in X ai^ y ^ or we can choose scrae values of the 
parameter, ccs^nite the coiresppnding values of x and y , apd draw a curve 
through the points thus detemined* ¥e illustrate both. m^tSibds in the next 
example* 



(1) 



Eyapyle 11. Eo-av the graphpcf the parametric equations 

X = H - 2 , y = Ut . - 



Solution * First let»s eliminate the parameter and graph the resulting 



2 X 

eqtiErti'on. FttM the first equation we find that 2t = *■ 



+ 2 



^bstltuting 



this in the second ecmation gives 



•{2) 



!Rie graph' of (2) is a parabola. It is sketched ^elow. 

4 y 




-a S "4 O 

Figure 6-22 

Now lef's use the second metb<rf. described atK3ve» The table below shows 
the results of our computations. 



t 


-2 


-1 


0 


1 


2/ 


X 


ih 


2 


-2 


2 




y 


6h 


k 


0 


k 





¥e notice at once that we have found no values of x amOler, than -2 . It 
woulc^. be natural to Jun^ to the conclijsion that ve had chosen the vaaues ^ 

t fooUshly, hilt that is not the exBOanation. Since^ x = ht^ - 2 and ■ 

Ut^ > 0 , it follows that, x > -2 f()r every point .on the graph. The trouble 
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is that Equations (1) ajol (2) are Blnqply not equivalent. Ohe gra]g& of (l) 
is half a parabola* It Is the IntersectiMi of the grc^iis jf (2) and the , 
illty 3^ > -2 • If ^u look jback over reasoning you nHl see it 

it the locus of (l) is contain^ in the locus of (2) | bui it does 
not provBVtheorar^ identical. . \ 

, • Ofbviously the eUmlna^on^of t vas not as haml^s an ox^ration as it 

look^ andjve loust study It more carefully. ^ At a certain point ve fbiznd from 

2 X 2 • 
the flxst equation in (l) that 2t = —r^ — • Then we sqisared, getting^ the 

4 (x + 2l 

equation ht = # These two are not equiv&lent, since intthe flrot, 

■ . • ■ 

X > «2 i^le the secc^ puts no restxlctlcm on x • Tbla Is no surprise 
since the same hort of thing cKMes iip in the solution ^f eep^ations involving 
radicals. In future ve shall be careful not to square^ or divide by zerO| or . 
do anything eJjse of that sort vhen eliminating a parsmsteTj and thmi perhaps 

ve'U not get into trouble as ve did alK^ve. Itafprtunately it isn't that slsrple* 

• . ■ 

* TgTOmp1f> 12 m * What locus is represented by the parasietric ^uatlons - 
(3) -X = sin t y « sin t ? 

Solution ^ Eliiiiinatlng t in the cmly sensible vay e^r^ the e^]]aatloa 
y « X . Olhe graph of this is a line, >ihile the Idcus of (3) is l^p -^egneiit ^ 
deteisttin^i by {-i,-l) and '-.(l,!) . Equations (3) are an analytic boadltlan - ' 
for a ^segment statM without inequalities. * ' ^ 

There is no simple vay out of this difficulty, and ve end o\ir dieoiesioa 
with the vaming tliat you eliminate the parameter frcm a pair o^ p6a«- - • - 

metric equations for a curve, you must then check to see 'iriiether tl^ locus of 
the restilting equation is the locus of the original pair of equations . 

The nature of the parameter may lii?K58e certain natural restrictions • or 
bounds on the values of* the variables inssolved. In some problems we may* wish 
to icqpose such restrictions, and in that case ve have, not a di€ficulty, b>it 
a special tool. It is important that ve learn the u&es and limlibations of ' 
our tools, so the^we do not try tc^use a screwdriver to flrlve hails.- 

All the analytic coiKiitions va have c^sldere^ so fkr in ^bMs s^ectlon' 
have been equations. Our last two eromples deal with iaequallti^. , • 

\ . ' ^ • 
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Eraiyl^ jj > Disucss and sketch the locus of the inequality 

.2x - 3y + 4<0. ^ ' . 

I • . • . - . -v . ; ■ 

Solution . We shall use singple argxanents about Inequalities. Suppose 
(i^,7q) iB on the uAe 2x - 3y + J^** 0 # so that - Syg + ^ - 0 - 

Bow consider a point (xQ,y^) , with > yg • '^^'^ 3y^ > ^y^ and 

2xq>- + k < 2Xq - 3yQ + = 0 - Thus C^Q^yp is » point of the locus. 

Similarly, if yg < yg » - Syg + U > 0 and {xq,7q) is- not a point of 

the locus. OSius any ibint directly above a point of the line is in «ie locus, 
nhile any point directly l^low a point of the line is not. 'Bxerofbre the locus 
is the half -iaane indicated belov. 




Figure 6-23 



Exa^le ll^, 1S.BCUSS assh sketch the locus' of the inetualitr 



2x* 



fix - y:+ 7 > 0 . 



Soluticm . By completing the/3quare we can rewrite this inequality in the 
fona. , . I 



2(x --2) - y - 1 > 0 . 
How suppose 2(;^ - 2f - - 1 « 0 . If y^ <-Jq then ' W 
2{Xq - 2)^ - y^^ - 1 > 0 • ^I5ius if (s^jy^) is on the graidi of the pguation 



/ 



(5). 



2(x - 2r - y + 1 = 0 



\ 



erIc*^ 
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and y^^ < Yq # ve see t^t (^g^y^^) pcdat of ova: locus.; a simnftr 

arguBiMrtr v© t^-^aw t^Tif > y© # ^^'^g^ ^® * point of our 

locus. cmr locus is t^e set of polhts below or on the paratola r«x^- 

sented by Equation (^^« * It, or rather scaoe of It, Is shaded In sketch 
belov^ . , 





Fixture 6-2% " 
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Exercises 6-3 

In these exercises discuss and -sketch the graphs of the *oonditions 
given. In your discussion yt>ii may find it us^ful^to doiSsider symmetry, 
extent, periodicity, intercepts, and asymptotes, /When the condition is a 
pair of parsBietric ^uations, eliiqinate the paran^er if you can, but be sure 
then to indicate any restriction^ on the values of the variables. ' 

1. y = 2 

2. y = -3 

3. X = -1 

U.> X = h i 
5 • y -X + 3 

6. y = 2x - 1 

7. X - 2y + 3 = 0 ' 

8.2x + 3y-5=0^^^ * 



2 3 
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10. f + jf-x 



. U. X - 1 - 2t , y - 2 + 3t 

12. X • et , y - -2 - t 

X3. + 2y ^ - 0 , 

m - 

' lU. x^ + + 2x - 3 - O' 

15. x^ + + 2x.- 2y +* a - 0 

16. y^ - x(x - 2)(x - 3) 

17. - (y + l)fy - l)(y - k) • 

18. - 2y - X » 6 ' 
19« y • sin 2x ' 
20. X « sin y ' 

/28« X • cos y 

23» y " 1 ^ cos X ^ 

Zh. y - tan 2x. 

25* y • 2^ ) 

26. y - 2'* - 

2 

27. y - 2* 



3^ 



28. y 

29» y = ^ X (Bote: This may also be written y » l5og^ x •) 

2 . * 

30. y « in X (See above.) 

31. y - logg X 

32. ' X « t^ 1 , y - 5t^ ^ 

33. X « ^ , y » 3t 

34. X « 2 cos * , y = 2 sin ^ 

35t X = 2 cos 4> , y ^ ^ sin * 

3 3 ' ' 

36. X » 3 cos 0 , y = 3 sin $ 

2 '2 
37* X = sin 0 , y cos 0 ' 

38. ^ = 0 , y » tan^ 0 / 

39. y > 
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hi. 


y - 2x - ♦ 2 < 0 


* 










jr - 






jf* + aqr - ^ - 0 






3t^ + xy^ - + - 0 ' 






X y + i^y -» X ■ 0 




1*7. 


U ^ J* 1^ 


• 



t^^Pfag and Gondltioim (B&lQir Cocn^dlnates) 

In thia section wa diaeuss tho problesa of aketcblag I^q gnxbs of 
aiialytlc coaUtlona in pplar coradiiiates* Bia aoet lii®ortailt^uc* osiditioiia 
are options, ana we g^iaH confine our attenticm to -Biia Mae uearpt for a 
fev 03ffiarci0a®« ^ 

Olie asoat atraigbtf orward liay to draw ISie of an ^piation in polar"^ 

coordlnatea is to plot a liiflaber of points of-tha locus ssA drair a curve tl^rmilli 
theta* If the equation has the fbm r - f(0) , vo construct a table giv- 
ing the valAioi of r corresponding to a maal^ of valuM of -S - Ho aatter 
hov many pointa w plot^ there a^vays arccudna tim quea^on of how tha curve . 
l^faa^^ elsewhere^ that is, between tl^ pc^tnta we have plotted* If 
equation is not too cM^liwtM, we ^ get a good deal of inlbrniation by 
studying the functions involved « 

As vas tlM Misa fbr equations in rectangular cooriinate6| we can often 
get useful infonaation about the curve by considering ^Tomatxy and extent* 
Asyx^ptotes of curves given by eqiiations in polar coorfinates are iKrt easy to 
find frcsa the equations, and we shall not discuss the, problai^ However, If 
the curve has a f&irly 6iJi5>le equation in rectMguXar coordinates, we say be 
able to find its asya5»totos by studying that. 

As you Imow, given a polar coordinate system in a plaae, each point 1ms - 
inflnitaly nany pairs 'Of coordinates. OMs fiact gives rise to pertain diffi- 
culties that VB have already ftet In Chapter 5 but we nov consider them in 
greater Retail. As in the p.re?ious section we shall develop additional 
theory and useful metiiods of approach in oar discussion of a nuni)er of 
' exfijffpleSt 

is 
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Egggpla 1. fflE«tda ai4 dipcawe the gX8^ of tlio ^qjaatlon r - 2 cos 0 . 

■ 

Solution * Strlctay apMldbae, we sbouU stato eaqpllcltay .thmt r sad 6 
are to lateipretad as polar coordinates, tfe shaU not do so la tiie rest / 
of tMo eaction, oiace tbtfgfi Is oo danger of aasiblgiilty. 

Slttca |eos e| < 1 for all a , the gr^ is 1»undod. Since 
cos (-e) - cos e fbr all 0 , if the point (.Xq,B^) Is the graph, so Is . 

the point (i'Q,-e^) • Bras the gra]^ is syitoetrle vlth respect to -Uie line 

^^■Kf<^iwe 'the polar axis. It 1b also symetilc vlth rropect to •«» point 
(1,0) , hut It is meh easier to show this by using an eqjsfttlon In rectangular 
coordinates for the locaa. HSie tahla below shows the values of r 

f 

a^rrespoudlng to serexcU. values of 9 « The cosine function has period 2r , 
so any 9-intarval of length 2^ viU do. 



e 


0 




+ n 
" 2 






r 


2 




0 




-2 



The graph is sketched below. 




Figure 6-25 

,It lool&B like a cll^cle (prohably because it was drawn vlth a ampass), iHxt 
all we know so far, even If we make use of our knowledge of the «islne func- 
tion, is that it is roughly circular. 



21*1 



A7 



6.U " - 

' ISiat the graidi xmlly is a circle cssn \^ prov^ as f oUora • Hie eraph of 

2 

r e 2r cos d - is the sajse as the graph of t ^ 2. cos 6 # For the only points 
that might he on the fbmer Intt not cm tdie latter are points vlth r ■ & ^ and 
the origin^ irtxich is on the latter^ is the only such point/ If ve take a 
rectangular coordinate system vith its axes in^the lisi^ positions vith re* 
spect to the polar axis^ find 'Uiat* the graph has the equation 

2 2 
X*^ + y^ - 2x . 



Example £• Sketch and discuss the graph of the equaticm sin 3 & • 

Solution * ^!IMs ' gta.ph^ too, is bounds, since |sin 3 3| < 1 for,$^ 
6 • Uiether there is a point or lUie abgut ^trtiich the gra^ is syiametrio Is. 
not obvious fr^ the eguaticm, so ve postpone the discussion of sjio^try tl^ 



ve have sketched the graph » It will prove no-O^ng but it will 'suggest vha't 
is p3robabl^ true* Hie table belov sbovs the values 'of r TOrrespoisling to a 
number of values of q/^ If ve needed a fairly accurate graph of the equation 
\m vould h^ve to consider^ more values .of d • but sincQ ve Know hov sin 3 9 
varies with 9 , this table vlll do* 



0 


z 


3- 


It 

2 


2ji 

T 




U 




3 


2 




Hat 


r 
* 


i 


0 


-1 


0 


1 


0 




0 


, 1 


0 


-1 
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Figure 6-26 

The sketch siaggests there Is symmetry about each of tl^e lines ^ IL f 
0 « ^ ^ and e =5 ^ . Let us check the first of these conjectures* If ve 



vieh to compare + a) «ia f - d) "tfe obtain in the first case . 

r e sin 3(^ ^ ex) and in tbe second case r «= sin 3(^ - a) • !I9iese be<^c^ 

r «= sin(^ + 3a) , and, r = sin(§ -- 3a) j ^ch In turn becoate r « cos 3a 

and r ^ cos • identity of these equations establiiAes the synmBtry 

ve vere checking. The sas^ method can be used te| deal vitii the other lines » 
T!he graph is not symmetric efl)out any iK)int, but we shall not prove this. 

» 

Kxan^e ^« Sketch and discuss the graph of the equation r 1 « 2 sin 



Solution ^ Once ssore the graidi is bounded, and ve JKstpone the discussion % 
of s^Wetry until be^-ov. 

i ■ 

l!his tis^ ve shall sketch the graph vithout making a table, introducing 
first an auxiliary graj^ of a kind that is often useful In gr85)hlng polar 
^uations. G[5iis auxiliary graph is the graph of the equation y o.l - 2 sin 
dravn on a plane vlth It rectangular coordinate system. We have learned to do 
this readily by the .addition and multiplication of ordlnates, as ^ovn in 
Section 6-3, aad Illustrated belov for the values^ 0 < ^ < 2n . For the 
TporpoBe of Illustrating certain details of ihe discussion, ve vlll sometlaies 
use different scales on the' axes in tAe grajfos in this section. 
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6^ 



We suggest the f ollowlBg sequ€3iee: 

(1) Sketch/ the fajalliar curve : y = sin x * 

(2) Expand ® awi^ from the x-axis to get © : . y 2 sln^ . 
• (3) Reflect © in the x-axle to get (D : y « -2 sin x » 

(li.) Raise ^ 1 unit to get o\nr fiprejili: y « 1 - 2 sip x • )^ 

We 2U3V use this gra]^of the equaticm y » 1 - 2 sin x to give us 
coordinates of points of polar gra^ of r & 1 2 sin 9 $ and obtain the 
polar gra;^ given in F^ure 6^28, 




Figure 6-28 

This curve is called a lima^on, Ve have ij^cated vtUa the sasse letters 
corresjxmding points on the two graphs. Sote Ihat the lack of a \mique polar 
representation of a. point is shovn in the fact that points P and Q of , 
Figtire 6-27 (and infinitely mesay more not shown) all correspond to point 
of Figure 6-28. Also, points A and E .of Figure 6-27 (*and infinitely laiBy 
inore not shovn) all correspond to ^irit A of Figure 6-28. The izxverted - 
arch belov the x-ayls of Figxare 6-2^ cofresponde to the small-Inside l(X5p of 
Figure 6-^8, ' 

Figure 6-^ suggests that the graph is syimetric about the line through 
the pole perpendicular to the polar axls^ -Uiat is, the line for vhich one 

equation is 6 = | • We check «iis by comparing f(^ - a) and f(| t a) ; , 

In the first case r = 1 - 2 8in(^ - a) end in the seccmd case 

r = 1 - 2 sin(|*+ a) . -Sn both cases ve obtain from familiar trigonometric 

relatioTishlps r = 1 - 2 cos a. vhich means that the tvo cases give^ equivalent 
equations, and the syim^tiy is Ixroved. 
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Finally, the related polar equation is ' r » -•(I - 2 sln(e + if))^ ^ 
-(1 + 2 sin e) • To fihov that the solaaj. gi^h of this equeticm is the saae 
llmafOQ as the one ve obl^dned in Figure 6-*^, ve use a mrthod sisllar to the 
laethod of addition of ordlnates for gr^ihs in rectangular cMrdiwAes. ^e 
method, called addlti(» of radli> 'iSiich jnay new to you, is useful in 
sketc^iln^ certain nev graphs related to fazallisr <»es« 

We have seen earlier that the polar grc^ 0f r » 2 sin 6 is a circle 
of radius 1 , vith its center at (l, f) Indicated as ® in Figure 6-2^ a^t 
Consider a niaiber of rays drawn frtan 0 to points of this circle, , 9 

olj \ • Find points (1^^ , Qg * these respective rays, so that 

^^^l'*L^ " d^^^^^ = d(P^,Q2) , as shonn in Figure 6-29(a) , ^ 

vhich show th# graph of r = 1 + 2 sin 6 . / 




Figure 6- 29(a) 




Figure- ^-29(b) 



Note that vhen it < 0 < ^ we have 0 > 2 sin e > -2 , therefore 

1 > (l + 2 eln e) > -1 , the Q polnts'of Figure 6-29(a) are on the 
l»i^t half of the insiae loop of the^aph. In the SGme -*Jay vh^ ^ 

^ < < 2rt we get the rest of the inside loop, 

y 

OSiUStthe locusf^of all the Q points is the graph marked © vhich is 
a lima^n .vhose pol^r representation is r^= 1 + 2 sin 6 . "Hiis process of 
xising the P points to find «ie Q points and the graph © Is called the 
addition of radii. . 
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iSlBce WB want the grajih of r » -(l 4- sin 8) ve jjpv find the eyBsnetric 
image of © vith regpect to the pole. It is graiih @ i*>lch ve recognize 
«s the sAffie Mi&a^ as in Figure 6-28. 



S«aii^e 4« Discuss and sketch the gri^ of the eqiuaticm r > -^-^ 



So^^fctoa . Oils graph is not hounded^ since r he aade arbitrarily 
large by picking 9 so that sin^ is suf£lci^tly close to -1 . %r the 
aethod used in Sxasogples 2 and 3 , ve find graidi is symetric about the-' 




& 



2 



2 



3 



1 

2 




3.1^ 7.5 Ifiidefined 7-5 3.^* 



Figtore 6-30 



On 



Die sketch suggests the graph jnay he a parabola. Biat" it is may be sbolm 
as follovB. Ihe equation 



r = 



1 + sin e 
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6-k 

- • 

is eqjAlvaliezit to the eqeu^ticm 
^ ' r + r sin 0 ■ 1 • 

If TO iBtraetuce a rectaugolar coopflinate systaa nith Its axw l<K^ed as 
xiaoal^^tlie graph hss the eqisatlon 

' BiiB is an equation of tl» parabola consisting of all points as far ftm the 
origin as they are fit» the line y • 1 • 



Exercises 6-4 

In each of the exercises belov^ discuss and sketch the gz^sih of the 
condition given. In your discussion, ajnsider iftiatever gecswtric properties 
yoM can infer from the ^juations. Write the related poldbr equation' fdr each. 
If you can, find ajwsfiS[ti^n in rectangular coordinates for the ra&e locus and 
identify th?.^cus, ^ 

J^i " r 3 

' 2. r « -2 j > '1 ^ 

3. e «| ^ 

5» r a 3 sin 6 ' " . 

6.* r = sin 2 9 

^7. r = cos 2 0 . • 

8. r = sin 5 9 * 

9. r «>s S = -3 

10. r cos (8 - ^) .= 3*^ 



11. 



1 - COB 9 



^- ^ = I - f COS e ^'^ . 

13. r = 2(X + Sin e) 

14. r = 2 tan 9 . ('Biere are vertical asymptotes j try to find them.) 

15. r = ||- ' ,^ 

16. r 2 COB, © - 1 

1 

17. r = 2 - 3 cos 0 • . , 

18. r ^ 2 + sin e 
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21. 


r - tan a tec © ^ . 




2S« 


r ■ 2(1 + ain- 9) 






^ 1 + COS 9 - 






X<2 * * 












2<r<3 . • 






0 < 












0 < ©<r'j > 0 ' • 
















6-5. 


Intarsectiasfi of Qfssm^ (Rei^tiqpylT Coordliuitas) 





intersdctloii of tvo sets ig eoXlefstlon of objects that lie3x)iig to 
botb th^ sefta. Boir tba^rai^ of tbe equation f(x,y) «* 0 is the stli^i^ points 
t&pse coordimtes satisfy the equation > {(x^y) : f(x^y) - O) fieace the 

laterseetion of the graphs o£ f(x,y) « 0 asd g^x^y) « 0 is the set of 
points vhose coorAlmtes satisfy both equation^ji i*e« {(^^y) % f(x,y) « 0 
and g(x,y) ' 0} « If f aod g are Haear functions^ the intersection of 
the gratia of f(x^y} » 0 and g(x^y) 0 is the sat of points ^^ch lie on 
two lines, in other vords the intersection of the tvo Unas* In gaiaral, the 
intersection of the gra^dis of f(x,y) ^ 0 ax^ g^x^y) » 0 is fbtn^ hy solving 
thQ two eqiiaticsis siiimltanedusly* , ^ 



Exaa^la 13ie intersection of the lines vith aqiiatlons x - 2y - 1 « 0 
and X + y'cj 2 is the point (^^ i) * ^ ^ 

0 3*^ 5 



ERIC 



Example 2^. &e intersection of the lines vlth equations* x - 2y 1 » 0 
opd "2x*»H^y-3»0 is the null set« In other vords^ the lines are parallel* 

' ' ' •• \ 

Eaca^le ^« . !&e intersection of the graphs of y » sin x and y ° cds x 
la a bit ^Jpdar to fiM. At each point (^^^y) ^ere the curves intersect^ ve 

have sia^i » cos x « Ihus x = f + k« , vbere k is an integer* IHien \ 
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y.:^ k y — ^ k " U odd. ttis Imb± «f can 

he isrittq^ <KXQ^urt^L3r in ^ form 'fire^entOy l>y oatbja^^lclaxis: 
y • (-1) -| f libere k ; Is an integer* . « 



ExasEOg it. 5!he iat^ectj^ of ^iie ^phs pf X-y + 3<6 and 
•2x - xy + ^ > 0 is the*©et of points cox or atoro the lix^ x - -y + 3 o 0 
on or belgy the^liM 2x - y + ^ 0 . - It is the doubly shaded aarea in 
figiia .belflv, and its boundary alcmg "pjort^ of the Ujms; ' 



and 




, * ' Figure 6-31 * * . 

The prohleei of finding the intersection of two graphs can be very ccmpli- 
•cated, and we shall 2K>i spends imiph sore tiiM on it here^ Hovever, there is ^ 
another eaiaaple ^hich is of interest. 



A ' 2 2 J 

Bffla^le 2- *he interoectiOT of x + y - 2x - 4y 



m A 



and 



y^ + 2x + ^ - 2 * 0 • Ws doul44K)nsider the first equation as a qjiad- 
ratic equtttibn Jli ^ y and ^e the quadratic foimOa to exjaress ^ y in terms 

of X ^ Wfe^conld-get y='2i/8 + 2x-x •.^e could then substitute this 
in Jihe second equation and .solve for x - ((Xrry the work a bit farther so 
*ycrti vin appreciate the difficulties*) : ^. ^ 



OMs problem can be solved much mxr^ easily by using the principle of 
linear ooBibinaticmj ^ich you. studied in algelxra. Bti^ eystm ^ 



<1) 



2^2 
X + y 

X + V ^ 



2x - i^y - « 0 ' 

2x 4- gy - 2 =- 0^ 



a(x^ + - 2x - l»y - k) t bC^^ 't^ Tf^ * 2x + 2y - 2) = 0 * 
as loag as a |t 0 • If a. ;f %l aM b « 1 ^ the seco«i& ay^piant I^^qb^b 



(3^ 



■".•2 



4x + 6y 2 « 0 

+ 2x + gy - 2 - 0 . 

Jkfw the .first aquation In (3) . Is linear. Using It^ ve can escpress y In 
texBs of x p substitute the result In the seccmd eqiiatlosi^ and have left 
nothing vorse than .a qjoedratlc equation In x • ' Olie polnl^ of Intersectlcn «^ 

are (1,-1) and (-g^^i) . - 

* !!3ils solution has a goosetrlc/lnterpretatlcm v/hlch Is TOrth Inv^estlgatlng. 




' ^ Figure 6-32 , ' * ^ 

The g!raph5 of the equations in are circles • (Ho^ can you check this?) 

They are shown above*. Bow the graph of the first ' equation iA (j) is a^line 
and that equation is a Special ca^e of the fl3rst equation In (2). Rit if . 
the coordinates of a. point satisfy the two equations in (l),^ they clearly 
satisfy the first equation in {2) , no matter .wha€ a and b^ are. ^Bius the 
gra|di of tha first equatl<» in (3) passes through €LL1 points of iatersectlon 
of the two circles and must be the line contii^ning the coamBon chord, ii^ch is 
shown in the sketch atxjve. If 'a j4 -b -^rtiich implies that a and b are not 
bote zeroj the first equation in (2) is that of a circle passing through the 
points of inte^ection of the two original circles. (As a matter of fact, 
each such circle Bsay be obtained by some choice of a and b . Can you 
pfove this?) " • • 
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TbiB result (an lie generalised. If»* f(x,y) = 0 and g{ji,y)j^ are 
equatiraaa of two loci, then the locus of af(3£,y) + bg(x,y) « 0 contains the 
jintersec-feton pf the two txriginal loci. For suppoae" i^tYQ) ' lies on the 

original loci. Dien fC^Q'^o^ * ° ' S^^'^q^ " ' ^ i^eace 
■ V^O^ '*' ^^^'^0^ ° ° • though not very interesting', evwi 

vhen a = b = 0. ) ' < 

** . . 

A ■ ■ * ■ ' 

* ■ - 

Bxeyclses 6^-5 ^ . 

,In ^ch of the exercises^ telov, flnd^the Inl^jsrsectlon of the loci de- 
temln^ by the conditions jp^ven. Use hotb algebraic and geOT»trlc iwtbods. 

• " 4 

« • 

2. x-y + l"0,2x + y- 7- 0 

#•■ 

3. X + y 1 " , 23S, + y = 0 
1^. x-2y + 3=»0 /'2x + y -v2 = 0 

5. ; X.- 2y + 3 = 0 , 2x' - l^y + 5 = 0 

6. x^ + y^ = U , y = 2x 

7. x^ + y^ = 2 , x + y = 0 

8. x^ +'y^ - 2^ + V + 5= O,33» + y- l = 0 

9. + y^ + 2x + 2y - 2 = 0 + ^ = 1 

10. y^ = l^x , X - ^ t 3 = 0 ' ' , 

\l. Ux^ - 3y^ = 1 , X - y = 0 
'12. ' -x^ + 2y^'- 1^ , X - y - 1 = 0 
13. x^ + y^ = n, + y^ - 2x - 8 = 0 

11^. x^ + y^ = 15 , 2x^'"+ y^ ^2it 

15. xy^ - xy - i^y + = 0 , y = X 

OP 2 

# 



17* y - > 0 , y^- X ^ 1 < 0 

4 
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18. • + < V i X - > 0 

V 

19. X + 2y + 3 < 6 , 3x - y + 5 > 0 , 2x - 3y + 1 < 0 
6-6. Inters^g6l6ln Sf loci ( Polar Oooyainates) 



In the previous sectii^ ve discussed the Intersection of ^od given l»y 
equations in rectangular (KX>rdlnstes # QSie sethbd «e used noxics for loci* de-^ 
texndLn^ hy dquatloas In polar coordinates^ but^ as va s h all there aret 
adde^ kcpgpdl cations* Let us take up first a sls^ife case. , " 



Eraaipia OoiiBlder the graphs of r' ■ 1 and r » 2 cos G • Ihey are 



the Circles shown heloir« 



r ' 




Figure "6- 33 

^ ^ ' In 

giving the equations simultaneously get 2 cos 6 » 1 ^ oos 6 ^ , ^ ^ 

or ^ * (There are Infinitely Many other solutiops of the eq]uektlons,^but • 
since the sine aM cosine fdnctions have ^^riod 2st , we need wxislder o*ly 

solutlonB vlt^ 0 <'b <2s ,) Of course, r - 1 . IMb Is' consistent vlth 
our sketch. " , 
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Boan^ le 2« Bcsr conBj|.der tha $<|aati<s^ r - 2 cos d az4 r « 2 din 
Once fiioro tbelr gra]^ are cirel^esj vhich az^ abown In -Qie figure belov* 





^ Figure 6-3!^ ^ 

There a^pe&r to be tvo polntB of Intersectlpxu tet us solve the tvo equations 
similtaneously and ccsqpare our answer vitb the figure. Setting 

2 dos 6 = 2 sin © wb find 9 *^ or ^ t (As before, we need^TOnsider ^ . 

ooly solutions witii 0 ^ B < 2fl^) !Hie first gives r » 1^ , the second 
^r = -V2 . We have not, however, found the two poin-^s of intersection shown 
in the figure. Ve have found two sets of* polar coordinates «\for the same point* 
This reninds us, once more that whll^ a rectangular coordinate system in a 
plane is a'\>ne«t9<*one correspondence between the ^Ints in^he plane and the 
ordered pairs of real numbers*, every point in the plane has Infinitely vmisy 
diff erent-^alrs of polar Kjoordinatesl ■ ^ 

This is also the 8ou!r?e of our otlfer difficulty* Clefurly the pole lies 
on both curves, but oxur algebraic method did not find this intersection, Ihe 

trouble is that the coordinates r = 0 , ^ ° 2 satisfy the first equation 

but not the second, whil^ the coordinates r = 0 , 0=0 satisfy the second 
but not the first. Both p€dre, of comrse, represent the pole, irtiose coordi- 
nated require specieuL comment. If P is any point other than the pole, its 
coordinates,, (r, 8 +*2n3T) , allow infinitely laany, but not all numbers^ as 
second coordinate. For the pole, iiowev^, the ccKxrdinates (0,6) allow My 
number as a possible replacement for 6 , Geometrically this m^ms that, if 
there is ai^y 9 for "Hhich r = f(e) becomes zero, the graph must contain 
the pole. We have already found in this example that (O,^) satisfies the 
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flrat (etjuation, and (0,0) the second^ idiich m^as that the pole lies omhctfa 
grspt^ and is therefore li ]K)int of inter section^v 

« Qiis leads to a but lBS)ort^zit caotion findixig intersections 

of p>lar graiJhs of r « f(e) , and r =,g(0) C2ieck ffrst to see if «Mdi 
graph coirtains the ^ole by seelJig if there is any 8 for iAich r » f ( 6) 
equals ,zero^ or any 0 tpt ^Aiicb r » g(^) equals &ero« If both conditions 
can be satisfied, the^, lahether or not S = 0 , both graphs ccmtato the pole, 
nhkch is therefore an intersection point* Ihen you can jaroceed'vith tiiie 
usual sixsultan^ms solutiCMi of tiie tro- eqiiations . 



Bmaple 3* Find «ie points of intersection^ the greg^ of . 

* 1 « 

Y u: ^ and r =3 2 cos 6 + 1 • 

2 + 2 cos © ^ 

3olttticm > aese graphs, idiich are relat(^ to schi» ^ have discussed 
earj^ier, are shown below. The pole is on the second .graph but not the first, 
hence is not a point of inter 8ection# 




Figure 6-35 

!Diere appear to be four points of intersection. 

How let us solve the tvo equations sinwltaneously. Setting the ejcpa^s- 
sions for r in tha two equations equal to each other, we get 

___± = 2 COS & + 1 . ' 

2 + 2 cos e 

Simplifying, we get 

k co^e 4-6 cos 0+1 = 0 ^ 

frm which we flr^d that 

cob O = ^-3 t -5) 

{ 
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e« ^1.31 or -.19 * 

'Bob first Is a perfectly good root of tl» qjoBdratie eq|]&tloa tor 00a 0 , \sa/t ^ 
It is not & possllOs value for cos 8 . (fBiy totl) Froa a table of values of 
the trtgonwiietrio functions we find that if ooa 6 3 - .10 , then * 

e s 101° or 9« 259° . " 



Tben 

r » .62 . 

It Is clear that ws have found the points A and B of th^ figure, hut vimt 
about C* and D t It is not too hard to guess the answer if ve reraeaber that 
a pblar grajfix may have other analytic -rejiresentattons. In p\ir^ algebraic 
solution we merely ecjuated tiro of the infinitely aany equivalent polar equa- 
tlcms availsble for each curve. Fortunately * we need jiot try thea ail; for 
the purposes 6f the course ve can alvays find all iiie intersectioas of tw 
polar graphs from the sinniLtaneous.. solution of an equation of one of th^ 
• with hoth of the' related i«)lar ^uations Of the otBet. The limajon 

r «r 2 cos e + 1 has the related J^plar equation r ^ -(2 cos (6 + ^) + 3^ or 

r » 2 cos 6 - 1 . if we now solve simultaneously the equations 

•I 

'r g + g^coB 9 r«2cose-l 

we g^t the coordinates of ixjints C and D in our figure.* TSiey turn Out to 
be approxiiaately, (.310,^9°) and .(,30,311°) . ^ 

■Hie difficulty is not a siasple one, so ve shall take another look at it. 
Consider: ■ ' ^ 

f (.62,101°) /r = ^cose + l 4 

^ (-.62,281°) 1 r . 2 cos e - 1 

« 

We h^ve two pairs c** coordinates for the same pointy and two equations for 
the saa^ curve.,,. Ihe first pair of coordinates satisfies the first equation 
but not the second and the second pair of coordirihtes satisfies the second 
but not the first. TSiis situation should occasion not anxiety but care, and 
is entirely consistent, with our definition qf the polar graph of an equation 
as the set of points each of T*ich has some pair of coordinates that satisfy , 
it. 
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ExerclB^ 6-6 

m »ch of the e»srcise« bdoir, find the intersectloa of the loci de- 
terBdned by the conditions giveiu Write the related polar eauation for taOi, 
to aake sure you find all points of Intersection, SketcSi both loci, as a 
check C5n yovi al^K^ra, 

* ■ 

2-- ^-rrsiTg ' e«i35° y 

3. r « 2 COB © , r = 12 sin 6 
r « »os 6 , r a 1 - c^s S 

'I 

5^ r «a cos © , r B ei?i,2 0 

6, r - 1 - sin 0 , Ur Bin e = 1 ^ 

7. r = 1 + cos 0 , r -= _ g _ 

6-7. FaaHies of Curves , 

In Section 6-5 iie npjtioned the collection of llnes^ through the intear- 
sectW of two Unes-and the coUectlon of circles (and the' line) through the 
intersections of ttio cJ|rcleB. These are eaMafeles 6f lAat aye called faoOUes 
of curves. Oie coUectlon of all circles in a plane and the coUectlon of aU 
tangenlis to a parabola are other exasgjles. to this secticm ve shaU proceed 
a bit further vith this topic. 

If a and b are not both zero, th«i 
(l) " a(x - y +3) + b{3x - y + 7) = 0 

iB an eqjuation of a Une. through the intersection, P , of 

x-y + 3- Oa]3d3x-y + 7'=0.. 

Can ve choose a Spd b so that the Une is vertical?' Yes.' ¥ot if ve let. 
a = 1 and b = -1 , the equation beccnes 

I 

-2x ^ = 0 ^ 

or 

X « -2 • 
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Bils is one method you Icamsd in BS^lspk for solvlag pairs of l ine ar eqjo&ticms^ 
In two unknowns* In a gtwllftr vagr va oc^tOd flisl the horizon ta l Una thixjugh 
the Intersectlc^a^ vtilcb li ^palval^ybo finding the y^eoordlnate of P • It 
turns out that P «» (-2,1) 

Every line thfoug^ (-2,1) ^fioy ^ ohtali^ t^- plckii^ a and h 

suitably. Fbr the slope of (l) , if it has one, is f T • If a 

v a X) 

then (l) has no slope, a fact ve noted ahov^ In case a ■ 1, h « -1 
fbr any real nusiter <m , a and h B»y be clu>sea^ so tt^t^ 

a + b ^ 

(!Diis is XK>t obrloua* Can you prove itt) , 

Let lis look at this fsmlly of lines trcm amither point of vleir. Que line 
tbrouc^* ('^2,1) vith slope m has an equation ^ ) 

(2) " y - 1 « m(x + 2) . , . 

For eac^ real value o^^ to get a Une^ and different valu^ of m give 
.dlffermt lines. [Qnis,^ (2) is aLaost the seme fWly as (l) , the only 
dlfferaice being that the Une x « *2 ^ since It has no slope, is mjt a 
jaeober of (2) . 

ibnong the mfflib^sfe of thS fGuaily (s) there should be tuo vhi^ are 

tangent to the circle y^ » 1 . (Oae of jiiim is obvious, but let's solve 

the problem as though ve did not knov os^ aii^hmrm) Inti$Hlvely, It is cI^lt 
that a tangesit^ to a circle is a line vhlch iifnterseets the circle in only dne 
point* Lst us solve (2) sljsultan^msly ;Hth the equation of the circle, and 
then try to pick m so that thtee is ani^ one soluticm* From (2) , 

y « mx + ?4 + 1 . ' 
Substituting this in 3^ + y^ = 1 we ^t 

2 2 
X + (mx + 2m + l) « 1 



or 



or 



x^ + m^x^ + ^ + 1 + ito^x 4- 23aix + % = 1 



(1 ^ m^)x^' + {ka? + ai)x + ^ ito 



TbiB quadratic vill have only one root (ttot Is, a Ooiible foot) if, and cmly 
lf> ita discrimizxant is zexo. !Ehe dlscrtbalsant turns out to be -^(3a + ^) , 

iihlch Is zero If, bsOl only if , m « 0 or a « • g 




Figure 6-36 



Uxe figure shovs the tangent lln^ for each case, nielr e<iuatlons are 
y*^ 1 = 0 , and I^x + 3y + 5 " 0 • 

Let us use the same metlmd to flM the ftaaily of tangents to the iiara3»2A 

y » * Let (a,a^) be any point on the parahola. ©le family of aXI hut 
ona-of the lines through this point can be represented by the equatlott 



y - = Hi{x - a) . 

(Uhlch one ir'a^lng?) Expressing y in texms of a , m , and x , and 

2 

Biijstituttng the result in the equation y » x , ire ge^; ^ » 

2 2 " 

X - ax + ma - a 0 . 

This equation has a double root if^ and only if, m - M®a - a ) - 0 ^ i.^. 
if, and only if, m J-^ - * Thus the slope of the tangent to y « x^ ^^t 



(a,a^) ±s 2a , and the faaily of lines tangent to the parabola can be rejnre- 



sented by the equation 



^y - a = 2a(x - a) 
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or, in 50B^8«lt£tt siiapXer torn . , 

(3) y « - . 

^ , ■ • ..... \ ■ . 

The *^a" ln% (3) alKive is callad a ^fcraiariter # {iSm vord Has used 

oarHeor in the text In a different sense* dat'ta^ in a nay, unfortunate, text 

both us^ are vary common.) It is difficult to define tizi^t word, but you must 



la^w^tand hov "a" is used h&re^ Wb mij^t say ^'Let a any r^Q. tnaad:^. 

Then (3) is an*equatlcm of the tangent to y f x at la,a>)." &re we 
are thinking of a as ^ fixed, but undeterminadi Jeal nuzaberV the.othte 
hapd, vhen ve^ay that (3) the fasdXy of all tannnts to the 

parabola y » ^ ve mean that each tangent to the parabola has an equation 
obtained by asdlgnihg a sul^ble^ real value to a ^ and each equation so ob- 
tainable Is an equation of a tangent to the parabola* In other mrds^ (3) is 
an ingenious vB^*"s£.j|^ti^ infinitely neny equations in a small spaee#^ 

^ You have coijsidered idany other families of 'curves in earlier coursed, 

vhether you used this phrase oy not» ISie equaticai Ax + By + C » 0 repre- 

sents the ta^)li^ of all lines in a plane* The equation y » snc ^ b repre*. 

s^ts the family of all lines vhich have slope^^ that is^ all lines vbieh are 

not perpendicular to the x-^axls. Ihe equation xy » k reiprraents the\ family 

of all rectangular hyperbolas vi1±i the"^ coordinate ax^ as Idzeir asyttptcytes 

(and the -bm axes themselves^ obtaii^ by setting k » 0 aiid sooetln^ called 

' ^ 2 ' 2 2 

a degenerate hyperbola) • Die equation (x - h) + (y k) r repre&ents 

t^ ffemi'ly of all circle© in a plane (and the point (h,k) , obtained by 

setting r = 0 and sometimes called a point circle) « 

Scsnetimes^it is useful to eonsideir ^ family of curves and select from it 
those vhich have sane additional property* For ex^iple^ at pne point in . 
discussion above we considered the family of lines vhich j^s "Uirough a point 
2 * 

of y = X , "and then selected from this faMly the member having the addi- 
tional property of being tangfent to the paraljpla. Let's cOTsider an analo- 
gous problem. 



ffli^family of all the circles in the plane can be repcp^ented by the 
equation ^ 

The center of each sifch circle is at (h,k) - Which meanbei^ of the family are 
tangent to both axes? If a circle is tangent to both axes its center is on 
the line y = x or cm the line y = -x • The family of circles with centers 
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on Ijbe lixuf y " x can be rqp*es^ted Ijy tbe equation 

(x - hf + (y - h)^ - • 
Sudi a clrcOB vlll be tangent to botli 6xes , etnd OQly if, r « |h| or 
^2 ^ . 15ms Ae ftumay of drclas lying in the first or t^ quadrant and 
tangent to t^rth aa^ Mn be represaited by the eq^ati<»l 
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(x - h)^ + (y - h)^ - 



An eqjiation ^^^enting tb^ Ui the second or fourth quadrant can be found 



In a similar vay* 



Exercises 6*7 

In each of the first X3 exercises, fliA an equation representing the 
ftunlly of curves described. « , 

1. All vertii»l lines # « 

2. All torlkoptal lines. * \ 
/ 3, All nopvertljpal l&ies throu^ (2,-1) • * 

\C All nomrertlcal linos. \ 

5. Ail circles with center (-1,2) . 

6. All circles with redius h . 
' 7. All- parabolas with vertices at thJ origin and axes horizontal. 

8: All lines parallel to 3x - + 5 = 0 • 
9. All lines perpendicular to 2x, + y - 3 = 0 , 

10, All lines tangent to the ^circle x + y - 25 • 

2 - 2 

11, All lines that do not meet th^ circle x + y = 25 . 



i ( 



12. Ail circles" of radius 6 iwhich go through the origin. 

^13.,> All circles of radius -1 such that the origin is not a poinff^of the circle 

or 'its interfor. 0 

\k. -Find an equation of jfche line through the intersections of the Unes . 

x-y + 6 = 0 aai 2x-y=, 0 and having x- intercept equal to 3 . ' 

15 . FixO. an equation of the line through the intersection of x + y- l* = 0 

aad 2x - y + 8 » 0 and having slope ' 1 . ^ . . , 
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16 • Bud an eqjiatlon of tbe line posing through the in'texvec^on of the 
l# Unes X y 1 " 0 and x-3y'*'2sO, aod bavi&g ao sfbrpe. 

17.. Kind an eqmtlfm of tiie line thzough thd intersection of the lines ^ 
X - ^ + 3 •» 0 erta x + 3y - 2 » 0 ancl the point (1,1) , without 
finding the ipterseetion of the tro lines. - V ^ 

X8. Find an equatlcm of the family of drd^ through the lutepeectlons of 

tbe circles x^ + - 2x - 35 = 0 , "and x^ + 2x + l».y - Ijlfr « 0 , 
. without finding the tntersections of the two circles.- 

19. FLnd an equation of the Une thj:migh the intersection of the lines 

2x + 5y - 10 \0 SE^ y + 19 «^ and perpendJciOar to the second 

of these lines m 

' f ■ 

20. 51n4 an equaticm of th^J^ne throujji the intersection of x-^y-^aO 
and X • y + 2 « 0 and i^urallel to 3x + 4y + 7 « o . 

21 • Fijpd equatioxis of all lines passing throu^ the intet*eecti<m of * 
5x - 2y « 0 and x - 2y + 8*- 0 and cutting fram iixB first qua4rant 
triangles vfa(»e ccr^s are 36. V ' 

22^ Find eqmtions of all lines throxigh the Intersecticm of y - 10 « 0 and 
3fx - y « 0 irtiich are 5 units frim the oria 




6-8* guamary , ' ^ 1 ' ' 

We hgve explore in some detail in this chapter the telatidns ifetween the 

, r f 1 / ■ . - • ■ 

geometrlit properties of a set gf points an« the algebra! c^oroperties of its> 
analytic representation. It vas convenient to discuss l^^geom^rlc proi^- 
ties uiid^ the headings of syimnetry, ext^t, periodli^ity, iuCTisjjepts, and 
asymgptotes* We paid particular attention to the special situations that 
arise in- -polsr coSr^instes tirom the la<± of uniqueness in the correspondence 
between points and their polkr coordinatea, and the consequent lack of 
uniqueness in the correspondence hetween ici^es and their Analytic rej^ese'n- 
tatlons, - 

Our discussion considered relationships between gra^dis and their condi- 
tions, first in rectangular and then I>olar coordinates^ We developed . 

several useful techniques, Mtably the metfiod of sketching a graph by* addition 

* — ■ 

and multiplication of ordinates in rectangular graidis, and by addition of 
radii in ^lar graphs. 
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Ibes^ techniques were then applied to pairs of graphs and their Inter- ^ 

sections, i^d thfe corresponding i^rs of an,alytlc representations and their 

slmultaneois solutions. We inves-blgated in* scaae detail the difficulties that 

arise there vith polar cooi^nates and found ^the conSept of related -iKJlar 

equations particularly useful in-^ these caaea, * 

V ^ • i ' ' ' " ' ' 

: Our^^considieratlon of nsore than two glyphs at a time -was confined to ' ; 

collections of graphs related by scsne congaon feature. ^ These ^ called . 

families 6f gi!aph,6y and ve developed soite lisei^ul, concepts in defining such a 

family, and then selecting a particular mentoer of^lt to 'fit scMne &S>ecial 

requiraaen*. , ^ t . V,^ . '' v ."" ! .\ ' 

In olir next' chapter ve shafpen our fpqus -and* dis6us6 paarbicularLy a / ' 
cert^b classification of graphs^and their equations. Thefil^,'**'^e^teonic' .1, 
sections^ have a valid claim to our special attention,' both- Ijeccw^ they^have 
been e^ensiyely studied for over* 2000 .years / and because they *hiaVe iii^>ortant 
and interesting* Application* in many aspects of ovir lives todays. , / 



, C^aptfer 6v * Review Sxercises 



t.' V Pltw!* the ibcus rpf the.mi'dpoint of all segmejits parallel to the x-axis, 
aild terminated by the lines x + y - 8 0 , 2x - y 1 = 0, 

• ' s 

2p Find tl;e J?ocus of the ittldpoint of all segu^ts parallel to the y-axis 
' and terminated by the lines x + y - 8 = 0 , 2x - y -^1 =-0 • 

3. If • A = (-Jf/0) and B^;= (^,0) find an equation for the locus of 

* P-= (x,y)* if,:. . . ' - 

<a) aCP,A) = '2d(p,B) ' ^ .' ■ m 

(b) d(P,A) + d(P,B) = 10 ; r • . ' 

' . (e) ■ d(P,A) - d(P,B) =25 , ». ■ , 

( d) "mLra ; ■ ■ * . • ' 

. (e) slope of- M = twice the slope of PB '; 

(f) slope of m =i 1.+ slope* of FB ; 

(g) measure of /APB « ^4-5° ; ^ , 

/ ' / " o ■ " 

(h) sum of • tjie -measures of ■ /A and /B Is 120 ; , 

U ) area of MBP = 20 j • ^ 

• XJ) <a(P,A) < d(P,B) . ' ' . 



p p * • 

The circle ^ose ^uation is x + y = 36 contaihs the jpolut A = (6,0) 
If F = ( a:,y) Ib any other point of the circle, find ^aEufajaatioa for the 
locus mf liie nddpoints of ^ . V ^ » 

22' 

The circle ^ose equation is x -f y = 25 contains the p^int B = (0,5) 
If Q 1= (x,y) is "any other point of the circle, find an equation^for the 
locus of points' P,' such that Q is the 'midpoint of B? . * 

Olhe cirjple^ose eyju^ion is x + y S ICX) contains the point 
C = (-10,9) , A line through G meets tiie circle again at D , "and tHe 
lin^ X = 20 at E . Find an equation -for'the locus of the midix)int of 
Ei , for all positions of the line through C . 

> 

Find an equation for the locus of the midpoints of eai chords of the • 

2 2 V 
circle +y -l^-x + SyoO i*ich are i»rallel to the line . y = 3x + 5 

Find an equation for the line containing the midpoints of all chords of 

r 

2 2 

the ellipse x + 9y =36 .which are parallel to the line x + y = 10 . 

* 

Find . equations for the families of curves described "telov: 

) All lines vhich, with the polar axes, form a triangle whose area 
^ is 12. 

(b) All lines, the sum of irtiose intercepts is 6 * 

(c) All circles tangent to the y^axts. ^ . 

(d) All circles tcmgent to the X-axis. 

(e) All circles with radius 1 that are tangent to the line 
^x-K3y-2»0». ' 

(f) All circles tangent to the line l^x -f- 3y - 2 - 0 . 
All circles of radius 6 such that the originals an interior poiflt. • 

(h) All <:ircles which g® through the origin, 

(i) All circles \fcich go through the jKDint . (18,5) . 
(j) All- circl^ whose interior contain the origin; 

(k) All circled of radius 5 , such that the origin is not a point of 

the circle or its interior, ^ 

(i) All circles of radius d which are tangent to the line 
.ax-fby-fc = 0. * 

(m) All cjlrcles tangent to thq lines 3x - ky^ + 5=0 and 
4x « - 3y ^ 9 = 0 . 

(n) All, circled' tangent to the lines a^x + b^y + c^ ^ 0 and 

agX 4- c^ = 0 . 



(o) All cinA-e^ which intersect or touch the x-axis.' 



o 
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(p) All Circles lAxlch So not intersect or tourife the y-axis, 
( q) All drcOiQ^ lAilcb do not int^aect or toujbh the line 
ax ^ by + c « 0 • 

(r) ^ All circle in the interior of x + y - ICX) . 

* 

* ' 2 2 

(s) All circles lAiich intersect or touch the circle x y « 1 • 

2 2 

* (t) ^ai lines Mtilch intersect or touch the circle x + y^ « 1 • 

(u) All circles in the interior of tiie triangle determined hy the points • 

0 « (0/3) , A o (10,0) and B (0,10) 
(v) *A11 circles^ uliose interiors con^i^ain the points A , 6 , and 0 of 

the previous exercise^ . 

(v) All circles \diich are tangent internally t<r x^ -i- y^ =100 « 

- 2 2 " 

(x) All circles "which are tangoat externally to x y « lOO • 

2 2 

(y) AH circles to lihich the circle x + y » 100 is tangent internally • 
( All Arcles tangent to the line ax + by + c « 0 and i»ssing tiirou^ • 
the point (r,s) .t 

10, Sketch the grai^is of the following conditions, 

(a) - |x| =3 (k) xy + 2x > y + 2/ 

(b) |y + 2| = 7 " ■ ii) 3ty + 33C + % > -12 

(c) |yj < 5 (m) 5x - 2y + 10 > aiy 

(d) 13c-3|<l^ ' (n) xy = 3y - x + 3 . 

(e) + y^ > 1 (o) 3x + 2y - 6 < xy 

(f ) < y ' tp) x^ + xy^ = 9x 

(g) |x| < |y| (a) x^y + xy^ = - « 

(h) |x| + |y| = 6 ^ (r) (x - 3}^ - (y - 5)^ 

(i) x^ < X + 20 




(J) y^>3y ' X = V36 - 



y 
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if the foUoving pairs of paraaeetrlc equatloxiB. 
(f) J r > t , 

(b) . ,x = , (g) jx < t 

1 y = -t + 1^ . 



ly = t2. 



(c) / X = 2t - 3 , (h) J X > 2t , 



{ 



(d) ^ X = t + 1 , (i) / X > t , 

I y = sin t , , I y < t . 

(e) 4 X = • , * (J) / X < t , 

y > . 



I y = cos t , ^ 



12* Skel^ch and discuss polar grains of the follovlDg conditions. - 
(a) r = cos 2 0' (e) r = 3 sin 2 $ 



(b) r c= cos (0 + g) (f) r = 1 4 sin © 

(c) r = sin (0 - |) (g/ r 2 - cos 0 

(d) r = 2 sin 3 0 , (h) r^l + ^ sin 0 



2 k 

13- Sketch the graphs of y a x and y = x with respect to the sai&e axes* 
Generalise. 

1^. Sketch the graphs of y = x , y and y = with respect to the 

same axes. Generalize. 

15. Scetch the gr^ph of y = 3 sin x + ^ cos x . Wh^t does it remind yoti of? 
Sote tifet this ecpiation can also he written in the form 

' y = 5(| sin X + I cos x) and that {|) + (^) = 1 . 

^„ Finally, use these facts and a well known trigoncoietric Identity to write 
a third form of the original equation. > 

16. Generalise the resixlt of the preceding exercise by considering the equa- 
tion y a sin x + b tos x ^ where a and b are arbitrary real num- 
bers. 

- 0 

17 . Prove analytically that if a set of points in a plane is syjBB^tric with 

resj^ct to each of tW5 mutiaally ^rpendicular lines, it is symetric with 
respect to their intersection. 
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18. Rrcre that the ^aph of tie pair ac « at + b , y «= f(t) of parametric 
equations 1b identical vith Hie gran^ of the equation 

y f( . * ) cA)tained by eliminating t in the natural vay. there 

• ■ a ■ 

are cases in \Alch it is i^asible to' eliminate a parasieter vilhoixt getting 
into trouble* 

19, Vlslke a graph of y a 4* b sin (cz -f- d) for each of the following sets 
of values ofa,b,c^d« 



(a) a = 2,b = 3,c = 2,d = ^. 



M 



(b) a . == .-3 , b =; 2 , c , d = tt • 

(c) a«3,b=r-2,c«2,%»^% 

(d) a ^ -2 , b == 2 , c = 3 , d = 0 . ^ 

ChaLl6nge Exercises . 

1. Sketch the rectangular grajh of y sin sin x . Dtscuss the griijih of ' 
y = (6 sin x) sin ifix , and generalise suitably. Consider 

. y = sin lOOOnt ^ sin 10OT0(Jwt , vhich is relate^ to eqpationa^Tihich 

describe airolitude xaodulation. in radio bro€uic8^tii%« 
\ ^ 

2. For discussion an& experiment, if an oscillpscope is available* Adjust 

the controls to get a stationary sine vave on the sdreo^j thten alter one 
control at a time to change -ttie azacplitude, the wsve-lengiii, the frequency, 
etCp * If available and possible, flid the constants of the oeciUoscope 
and vrite the actual equations of the curve, 

• 1 ■ 
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^ ' ^ Chapter 7 

CONIC SECTIOTS 

■ ■ 1 

T-lt Introduction 

This chapter is ^intended to give you a better understemding of th6 cxirves 
•called conic secticmB, ytien you studied gecanetry, you investijgsated |>ropertle© 
of a circle. Iii your study of algebra you worked with equaticms of the various 
conic sections and their proj^rties. Here we shall first coaisider briefly the 
history of conic sections. Ihen we shall give a formal definition of a conic 
section and use polar coordir^tes to obtfidn a standard polar eqiiatlon of a 
conic section. We shall see how equations in polar form are related to the 
equations in rectangular form that you have already studied. We shall derive 
properties of 'these ctirves and work with scms 6f their 'meuiy applicaticms.^ 

In studying conic Sections you will- use the knowledge and techniques 
acquired so far in analytic geometry. Both rectangular and polar coordinates 
will be u^ed; often parametric representation will be helpful. Ide^ of locus 
and curve sketching will be used. 

It is assumed that you have studied the definitions, equations, -and prop- 
erties of the conic sections] brief sunsnaries will show you what you are 
expected to know. JX you find that you need more deta|.l, you will find it in 
*the following ejections of In te mediate ^jatheiaatics ; - * 

6-3. l^ie Parabola (pages 315-3^1) 

Uie General Definition of the Conic (pages 3^-331) 
6-5. The Circle and the Ellipse (i^ges 333-336) 
6-6. The Hyperbola (pages 3^2-3^8) 

7-2, History and Applications of the Conic Sections 

The, curves called* conic sections were so nam&d after their historical 
discovery as intersections of a plane fend a surface called a right circular 
cone. A ri^t circular cone is the surface generated by a line moving about 
a circjie and containing a fixed point on the normal to the plane of the circle 
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at 'the center of the circle. The fixed pointy called the vertex , separates 
the surface into t^ parts called nappes > Each line determined by the vertex 
6uad a point of the circle is called an element of the cone. The norml to 
the plane of the* circle containing the vertex is call^ the axis of the cone . 
The proper conic sections are circles, ellipseS| pso^bolas, and hyperlK)las. ^ 

The discovery of the conic sectibns is attributed to the Greek math- 

* • ■» • 

ematician *fenaechmus (circa 375-325 B.C.); vho was a tutor to Alexander the 

i ■ / ■ ' f 

Great. He apparently used them in an atten5>t to solve three fajasous problems, 

the trisedtion of an angle, the duplication of a cube, and the squaring pf a 

circle.- Although the Greek .mathematicians were primarily interested in the 

mathematical applications of the conic sections, they did know soane of the 

optical properties of the curves. The definition of the, conic sectidns which 

We shall use is attributed to Apollopius, who floixrished before 209 B.C. 

Further discoveries of the physjlcal applications of thfe conic sections 
did ,not*occur until the conjectures of the German scientist and imtheraatician 
Johemnes Kepler (l571 * 1630), who hypothesized that the planets moved in 
elliptic orbits with the sun as a focus. The theoret^al developaoent of 
Kepler's conjectures followed the gravitation theory and calculus developed 
by Isaac Newton {l6k2 - 172?). In fact, it may be stown that any physical 
object sijj^ect to a force which is described by what is ceuLled an inverse 
square law wiOJL move in an orbit which is a conic section* Gravity is such a ^ 
force; the electrical force between qharged bodies was found to be another 
such force by Charles Augustin de CSoulomb (1736 - l8o6). 

Today we find applications of the theory of conic sections in the orbits 
of planets, con^ts, and artificial satellites. The theory also applies to 
tljjfcenses of telesccyes, microscopes, and other optical instruments, weather 



:!^flker 

3^Sic1 



ERLC 



p^5icti(^, communication by satellites, geological surveying, and the con- 
struction of buildings and bridges. Conies also occur in the study of atomic 
structure, the long range guidance systems for ships and aircraft, the loca- 
tion of hidden gun emplacements and the det^tion of approaching enemy ships 
and aircraft. The surfaces of revolution formed by the conic sections, which 
willl}e considered in Qlapter 9, find application in the sciences dealing with 
light, sound, and radio waves. 

It is helpful to visualise the four conic sections fonned by the inter- 
section% of a piane and a right circular cone. We Illustrate physical 
possibilities below. 
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Figure 7-la: ClrclfS 



Figure 7-1*6: EUij^e 
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Figure 7-lc: Parabola 



Figure 7-ld: Hyperbola 
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A circle (Figure 7-la) is the intersection of a cone and a plane perpen- 
dicular to the axis of the coie. An ^llipse (Figure 7-1^) is the intersection 
of a cone and a plane which forms an a^cute a3?gle. with the axis. The measure ^ 
of this acute angle is greater than^the measure of the angle formed by the 
axis and an elei^nt of t)ie cone. A parabola (Figure 7-;-c) i^ the intersection 
of a cone and a plane parallel to an element" of the cone, A hyperbola 
(Figure 7-ld) is the intersection of a cone and a plane which forms an angle 
with the BM.B whose n^asure l^sss than the measure of the angle formed 
the aa&l^B and an elen^nt of the cor^. These descriptions suggest that circles. 
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and ellipses ere the sections formed when planes cut every elenjent of the 

.f 

cone; parabolas are formed when plamee cut eome elements in one nappe of a' 
conej hyperbolas are formed when planes cut scane elemisnts in both nappes of 
the cone^ Although the drawings of Figure 7-1 are limil^ed, cones are infinite 
in extent; vliat is illustrated is only i^rt'^of the parabola or hyperbola** 

t ' For a' more congjlete and systanatic ge<»itetric developa^nt of the a>nic 
sections, leading to the definition to be given in the following section, 
see Supplement to Chapter 7» 



7-3. The Conle Sections in Polar Form 

We shall ctapose as a defining clmracteristic of the conic sections that 
geometric property which leads luost reddily,^ their analytic description. 
This prc^erty relates all the conic sedtions except the circle. 

Dlilb'llilTlOSS ^ A conic section is the locus of points in a plane 
' such that for each point the ratio of its distance from a given -> 
point P in the plane to its distance from a given line D in the 

0 

plane is a given constant igx^The given point F is ca3J-ed a focus 
ot- ^oeal point of the conic^ectton. The given line D is a 
directrix of the conic section. The given constant e is the 
eccentricity of the conic section* If 0 < e < 1 , the conic section 
is called an ellipse > If e = 1 , the conic section is called a 
parabola > If ' e > 1 p the conic sectibn is called a hyperbola . 

A circle is also a conic section and is the locus of points at av 
given distance from a given point. The given distance is called the 
radius of ,th6 circle ajid the given point is calljBd the center of the, 
circle. 



In some ways it is sinipler to describe the conic sections in polar 
coordinates. We are already familiar with the polar ^uation , or equation 
^in polar co^dinates, of a \:!ircle with center at the origin as r = k , 
where k is the radius. ^ 

We shall assume that the focal point does not lie on the directrix, l^t 
the focus of the conic section be at the pole and let the directrix be per- , 
pendicular to the x^olar axis.* Let the polar axis be oriented away frcxa the 
directrix; that is, the ray that Is the polar axis does not intersect the 




directrix. Let ^ distance frcan the pole to the directrix and let 

? = (r,e) . Tbe a po^^^ of the iconic section. 




Figure 7-2 ^ 

Then the dis?!hic5e from P to the focal point is r , and the distance 
frcan P to the directrix is , p + r cos 6 . Bius, 



= e 



(1) 



p + r cos 0 
Ejcgressing r in terms of 9 , we obtain 

ep 



r = 



1 - e co6 e ' 



In the above discussion we have assumed that the focal point did not lie 

on the directrix. If it does, we obtain certain figures which are called 

degenerate conicB. Geometrically, they are the- intersections of cones and 
^ 

planes containing the vertex of the cpne. (For a more canplete discussion, 
see Sujlt^lement to Chapter 7») 

If the focal point is on the directrix, then p = 0 , and we nay not 
perform certain algebraic operations, since division by zero would be indicated- 
We may express the analytic condition as |*oa.lows : 

r = er cos d . 

If 0 < e < 1 , we have r < r cos 6 which |i8 never true. If e = 0 , we 
have r = 0 which is an equation of the polfe. Itiis is sometimes caU^d a 
point -circle, .(it is scmetimes convenient to think of a circle as a special 
case of the ellipse. 'Biis is ^not consistent with our approach' heare,^ut it* 
suggests why one may encounter the description of this locus as a point- 
ellipse. ) 



271 



7? 



7-3 • 



If p « 0 and e = 1 , we obtain r = r cos 0 . Prom this we may infer 
either r ^ 0 ^ or 1 = cos 9 • QSie graph of r = 0 has Just^i^^ discussed. 
. Hhe graph of 1 e cos 6 is the line containing the polar axis;^his we call 
a degenerate parabola, 'if p = 0 and e > 1 , the equation r = er cos 6 

, will be satisfied when cos S = i • Kius the locus is ftwo distinct lines 

e 

through the pole and is callefl a degenerate hyperbola , (liiere vill be further 
discussion of degeril^ate' conies in the Supplen^nt to Chapter ?•) 

Thus far we have considered the equation of a conic only in the case in 
which the focus is at the pole, the directrix is perpeadlcular to the polar 
axis, and the polar axis is oriented away' ft*om the directrix. Certain other 
.cases will be considered in Etemple 2 and the exercises, but we shal^ not take 
up the. case in which the directrix is oblique to the polar 'axis until we have 
studied rotation of the axes in Chapter 10. ' . 



^ Exanqxle 1. A ^ixed point F is U units frCHn a given line L 
an equation, for the locus of points equidistsuit fr<Mi P and L . 

. 

Solution. We ^place the pole of 
o\!^r polar coordinate system at P , and 
the^NPplar axis perpendicular to L and 
dlre«if«^ed away frCTi L . Then for Ony 
point \p = {t,B) 'on the locus, 

r - t + r cos 0 , 



which become^ 



r 3 



Write 



P = (r,9) 



k 

cos y 




This equation Is in the form df 
Equation (l), a|id represents a parabola'* 



Example 2* j/hat 'is a polar equ^fCLon of a conic section with focus at the 
pole and directrix parallel to the polar axis and p units below it? 




golutlQn > Let P » (t,Q) Iqe a 
polz>t of the 6Tirre. ©len the iSlstaiice . 
from F to the f odal point is r , and 
the distaiice P to the directrix 

is p 4- r 4n 9 • TSoms, 



p + r s^n 0 



a e 



Expressing r in terms of Q , 
obtain 



r 5= 



ep . , - 
1 2 e sin d • 



Solution ^ This equation is in the 
form of Equation (l) with ,e 1 , 
p = 2 • Hence its graph is a parabola ^ 
\KLth focus at 0 , and directrix, 
perpendicular to the polar axis and 2 
units to the left of the pole. Ihe 
vertex must be midway between ■ 0 and 
D • Location of one or tW more points 
--say (4,6oSj) and (2,90°) — and use 
of symmetry tken pemit a 
sketchi 





Example if ♦ Graph r = ^ ^ ^ qob & 
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Solution^ To obtain the form of B^uatlra (l), we divide nxaaerator "and 
denosainator of the fraction by 5 , and write the numerator as the product of 
e « and a number vhich must be p • Ife 
obtain ^ ' , 



r = 



5' 



1 - ^ cofi^ 6 



Since e f ^ and p ^ 2 , the graph is 

an jfllipse; one vertex divides the 
normal segment Joining the focas to the 
directrix in the ratio 3 to 5 . We 
obtain a few more points— say (3^0°) ^ 

Oj-gS^) , and 90^) — and use syxfflsetry to c<:®g>lete the ^t^lii* 




Graph "feach of t^e following: 
1. r 



2. r = 

3. r = 



U. r = 



1 - C08 6 >. 

• 6 

2 - 2 cos e 

k . 
2 - cos § 

1 6 



3 - cos 9 



Exercises 7-3 

5. r = 

6. r = 

7. r = 

8. r « 



12 



1^ - 

f 


5 cos 0 
2U 


^ - 


5 cos 6 
k 


1 - 


sin ^ 

6 . 




^ sin e 




9. What is a polar equation of a conic section with focus at the pole and 
directrix parallel to the polar axis, and p units above it? 

10. Hhat is a polar equation of a conic section with focus at the pole and 

'„ -■ directrix perpendicular to the polar aitls and p units t6 the right of 
the pole? 

11. Using the results of Exercises 9 and 10, graph the following: 



^ = 1 + cos d 
(b) r = 



8 



^ = + 3 sin g 



12 

4+5 6in e , 



fA\ 10 

^ " 5 + 3 cos e 
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^ .In Sxerelses 12-19, rewrtte tKe equations in a form convenient for 
grapbin^, identify the conic section, and sketch the graph. 

12. ^r - 6 - r cos 6^ 0 l6* rs^ 2 + r sin $ ''. ' ' 

13. r - lO - r sin^ o 0 17* r 3 - 2r cos ^ 

Ik^ 3r - 12 - ar' cos e - 0 i "18. cos 0 « 1 - y 

15. 3r - 12 . 4r cos 0 «= p 19. 'sin 0 « ^ ^ ^ 

a). An artificial satellit^^^^flf tteyienter of the earth as its focus. For 
a polar coordinate system in the plane of its orbit the distance of the 
eatellitfe trasi the center of the earth e^t 'p « 1&)° is 5000 mi. and 
at 0 = 90^ is 6000 mi. Assuming that the axia is al<^ the line * 
6 - qF , fii^ the equation describing the- orbit and the greatest distance 
of the ^tellite frcsa the center of the earth* 



^7-^. Oonic Sections in Rectangular Form 

We have developed polar equations for the coiJic sections in certain 
specified positions. For a circle with center at/the pole, w^^bave 

. ■ r = k . ' , 

For the other conic sections vith focus at the pole, and directrix peipendicu- 
' lar to the polar axis and • p units to the left of the pole, ve have 



r = ■ , ''representing 

1 - e cos 0 ' . 



a parabola if e 1 , 
an ellipse if 0 < e < 1 , 
a hyperbola if e > 1 . 



We shall find the corrdspoi^ding rectangular equations by using the folloving 
equations, developed in Section ' * ■ 



* 2 2 2 

X ;r r COS 0 r = X + y 



y = r sin 0 ' tan 0 = ^ , x 0 . . 



Ctircle: If 



r = k , 



V 2 2 

then r = k 



(This Is equivalent to multiplyii|| the member^ of V - k « 0 "by the corres- 
ponding ipembers of r 4« k 0 • Since these '|ire both equations of the sane 
circle, the graph of the resulting eqaation is the saioe as that of the original 

equation.) ' - - ' . 

• ■* . ^ 

Since r * X + y ^ 

.A . * 

ve may write x. + y = k . 

' We now consider tiie general equation ^ 



(1^) ■ ^ = 1 > e cos 0 / 

We. yiltiply both members of the equation by^ 1 - e cos^e to obtain 
^ ^ r - er ^fes 0 = ejj^ * 

, or ' r = e(r cos 0 + p) , 

and square" both members o:^ the latter equation^ to obtain 

(2) » = e^(r^ cos^ Q + 2pr cos-^ + p^) . '- - , _ ^ 

(Wheneyer we square both membe^ of an equation we must be c^ftil ot the in- 
terpretation of the aresult. We have in effect ^Itiplied both membeVs pf 
r - e(r co^sJ9 + p) = 0 by, the corresponding members of r + e(r cos 0 + p) 0. 
We recall from Section 5-2 that r - etr cos 0 + p) = 0 has the related ^^polar 
equation \ \ 

-r ^ .e|-r) cos (0 + ft ) + p) = Cy . 
Since cos (0+ n) cos 0 , this is equivalent to 

, 9 -r - e(r cos e + p) =■ 0 ^ ■ 

or (3) ' ' r + e(r cos 0 + p) = 0 . 

Since the "factors" of Equationj (2) , are' equivalent to Equation (l) and its 
related polar equation, it has^ W same graph as Equation (l). W^ may, now ^ 

proceed with the origitial discussion.) Usii^ = x^^+ y^ and r cos 0 = x , 
we have"^ ^ 

(h) " ^ x'"^ + y^ - e^(x^ + 2px + p^) 

We now have our equation in rectangular coordinates and wish to examine it 
Ar the different values of e . 
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^ parabola ; Since e ^ 1 , Equation (U) becppes 



X + y = X 4- 2px + p 



.or 



Of; 



y = 2s>(x §). / ' 

Tb4.s eqtiation^ as yxdu majT recc^nlse from your stiidy^of algebra^ represents a 
parabola vlth focus «at* the origin and 'vertex at (- S ^ O) " 



Example !• Write 




ctangular form and sketch the graph of 



r = 



1 - COS 0 • 



SDlution ^ Thrf given . equatfon yields r - r cos* ft = 6 , which, after 
transformation beeches 



©r 



Yx + y - X -.6 
Vx + y = X + 6 . 



' -2 2 
Bierefore x y 



= X + 12x + 36 ; 



tod' finally 



r-3,0) \ ■° 



y 



or 



jl2x + 3^ ^' 
12(x + 3) . 




jllliipge : Here^ 0 < e <1 i We. rewrite Equation (h) as 



2? 2 '2 2^ 2 2 2 

X + y ='ex'-i-2eiyx+ep . 



We rearraoge the terms to- obtain 



2v 2 ^ 2 ■ ^. 2 2' * ^ 
(1 ^ e )x ^ - •2e< px + y = e^p , ^ 



^ISirice/'we are^ooking foi^ form t>iat^we -can recognize as the equation of a 

gcnfc'that h^s a center, we use the te5hniq4ie of conrpleting the Square. 
^ \ ^ ' 

*t ^ ^ * 2 

DJ/^'ifling by the coefficient o:f' x , w^ have - . 



2 2 * ' 2 < 



r.- e 



1 e . 1 - e 
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or, 



Since. 0 < e < 1 , e K r - e > 0^ !Bnis the coeff J.cientB of 

p -# p * ■ 

X and y are both iwsitive. Although the equation atove is quite 

clutter^ with constants it should be Apparent 'that It has the fom of the 
equation of an ellipse vith center at f ^ ^ a . Oj • ' , ^ ' 

* f . » , 

SxaBg)le 2, Write in rectangular form: . ' . 

^ = — • . . ^ • ■ 

1 ^ Ti COS'S * ' 

Solution . Ttie giv^n equation! yields r - ^ r cos 0 = 6 which, by , 
eubetitution, beccsnes . , ^ ' , * 



y 



+ y^ = 6 ; 



ISierefore Yx + y - g- 

2 2 12 

hence • ^ • ; ' x + y = ^j^x • + 6x -i- 36 . , i 

FinaUy, this beccaaes 3x^ ^ hy^ - 2^x ^ = 0 , whieh Arou may recognize as 
an equation for an ellipse iti reotangular form; We imj^Arrite this in standard 



fom thus: 

0 



3{x^ - 8x +.16) + ky^ ^ ll^U + 48 , 



orl^ • V • ' 3(x - kf ^ky^ ^ 192 ^ 
or ' 55— + - •• ^ 

You may re'cognl^ that this eqiiatlon represents an ellipse^ with center at 



petbola : The algebraic manlpiilatlon involved in expressing "the 
equation of a hyperbola in rectangular fona is identical vlth that for tjie 
ellipse • However, when reach the form / 

2 - 2- 

Ve -note that since e > 1 , e > 1 and 1 - e < 0 J •Thus the coefficients 

2 2- ' ' 

of X find y have opposite signs. ^ 

• ■ ' f ' - 

It should be apparent tha-t this is thfe equation of hyperbola with 

7 - - • M, . 

'""^ * * Exercises ^' ' : ' ^ ^ ^ 4 

J For each of the polar equation^ below you are asked to do |hree thihgs ; 

(a) Sketch the grapl\. ' , 

Write a corresponding equatibr^ tn ^ctangulaj* coordinates, 
(c) Write the related polar equation. m 

: . . 8. r = g , 

2. r - 9 ^ 

3. r - 2 cos 0 ' b^. r - 



4. r ^ cos e + sin © 5^ 

1€. r - 

/ 2 - J cos e , ; 

11. r = 1 + cos d 

12. r - r sin 0 = 2 
/f 11, kv - 3r cos e =: 12 



7. r - 



= COS 


e + 


sin 




k 




- 1 -■' 


cos 


d 




3 




1 + 


COS 






3 






: 1 - 2 cos e 14. + 5r sin 0 = 20 
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7-5. The Parabola 

In this section aM the following three we consider the four iaftj.n kinds 
of conic sections: parabola, circle, ellljps^, ajid hyperbola. There are 
brief euSiaaaries of the liroortant definitions axid properties. Equations in 
rectangular coordlmtes —often called standard forms - -are given for these 
ciurves with axeiS on or jiarallel to the coordinate axes. Much of this 
JLnformation is Mt new; it is placed l^pre because of its li^rtance, and for 
your convenljBnce. - . 

4 The parabola is defined as the^t of points equidistant from a 'fixed 
point'(j,he focus ) and a fixed line (the directrix) - A parabola is symne^rlc 
with respect to the line through the focus perpendicular t5 the directrix. 
This line of syimnetry is called the axis of the parabola, and its point of 
intersection with the parabola is called the vertex of tte paratolft. 

In Figure ?-3 .V, and D indicate the focus, vertex, and directrix, 
respectively, and |p| is the dista&cd- betwi^^n F and V. If p >0 , 
the parabola extends "upwdrd or to the right as shown; if p <! 0 , It extends 
down^rd or to the left. 

In making a quick sketch of a parabola, it is convenient, after locating 
V, i*, and to find the length of the latixs rectum . This is the clK>rd of 
the parabola through the focus perpendicular Xo the axis. If in Equation (a) 
Figure 7.3 we set y = p , we find x 1 2p ; flhus, the length of the latus 
rectum is |^p| . (Ohe student should verify tha* for ea6h of the other 
standard forms of the e^tion given in Figure 7-3 the length of the latus 
rectum' is also |^pj .) > ^ . 

In general a cbnic section has been defined as th6 set of points ^ P such 
that the ratio of the distance froiii P- tt> a fixed point, to the distance from 
P to a fixed line, is a constant e , called the eccentricity. For the 
parabola e = 1 • . 
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Figure ?-3 % 

• Our definition of the parabola makes no restriction on the position of 
the fixed point and line. What if the point is on the line? Our knowledge 
of geometry tells us that the lorcus asust be the line perpendicules* to the 
directrix at thef fixed point.' If we let p = 0 in| s?iy. Equation (d) of 
Figure 7-3 i ve obtain 

if ^ ' ^ (y - k)^ = 0 , • 

This equation represents a straight line. "Riis locus is often called a 
d^enerate parabola * ^ ' % * 
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TSie paratola has iu^ortant gecanetric properties, scaae of which concern 
tan^ats; these you will be atle to derive more easily when you have studied 
caj-ctilus. One of the best known is the refliective property: light rays 
parallel to the axis' of a parabolic reflector are concentrated at the focus, . 
and light rays emanating, from the focus are reflected parallel to the axis. 
This property, although, usually illustrated in two diii»naions, has more in- 
terest and physical ^plica^ions in three dimensions. Such parabolic reflec- 
tors are used not only for light rays, but also for heat, sound, and i^ro- 
waves/ You may have seen such reflectors used wl.th microphones, or radar 
antenna, or as psirts of artificial satellites. 

"* The parabola is also important' in analyzing trajectories; the path of a 
projectile can be approximated by aparabola. Uhder certain conditions of 
loading, the cable of a suspension bridge hangs in the form dr a parabola . , 
Arches gf bridges scanetimfis have parabolic form. _ ** 

Example 1. Rewrite the equation + + 8y - 1* 0 in standard form. 
Write the coordinates of the vertex and focus and the equations of the axis 
and directrix. 

Solu tion . Since x^ is the only second-degree term, we group the 
x-termfe and complete the square. 
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+ = -8y + 1* 



-is equivalent to + ifx + ^, = -8y + 8 , • 

or (x'-^2)^ = -8(y - 1) . 

-This last form^we may coji^^are with" (x.-'h)^ = i^p(» - k) , and recognize 
tfB an equation- of the parabdla with axis parallel to the y-axis, and vertex 
(-2,1) . Since' ^ = -2 , the parabola opens' downward. The ax*ls Is a vertical 
^iml thj-ough the vertex; hence its equation is x = -2 . /Bie directrix Is a ' 
horizontal line ^ ■ units above the vertex and has the equation, y ■- 3 . 
1?Ke focus, (-2,-1)"-^ Is two .units below the vertex. , : 

Sxaaiple 2. Wrltelan equation of the parabola with vertex (3,2) and' 
directrix 'x =3 -1 . » • 
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Solution. Since the directrix is vertical, the axis is horizontal; 
an e^tlon will be in the fora (d) of Figure 7-3, Jte distance frcm V 
to' *he directrix Is p j herg p = 4 . Thus an equation is 

^ (y - 2)2 = I6(x - 3) . 

Exercises 7^3 

1. Rewrite each of the following equation^ in standard form; write the 
coordinates oif vertex and focus ,"**and equations rf*axis and directrix; 

draw the gra^ih. * - ^ * 

1 * 

• / \ 2 M * p 

(a) x = -Ibjr . (d) - 5y + 6x - 16 = 0 

(b) y^ » l6x " (e) Sx^ - 8x'-'3y + U « 0 

(c) ^5x2-ly = 0 \ '(f) y = ax^ 4- bx + c 

2. We have noted that a specied. or degenerate cose of the |^L|abola occurs 
when the fixed point is on the fixed line. In thisscaae Equation {d) 
of i^igure 7-5 bacc^s .ftr --^ k)^ « 0 the lot. is a sti^ight line ' 
parallel to the x^axis. 

(a) * Find the degenerate <^e of each of the other staiida3rd forms of the 
^ eqxia^on of ti^ parabola, and state what the locus is. 

(b) If a parabolef is a section ofs a cone by a plane parallel to -an / 
element of the :cone, can you expla.Jn th'ese ^degqnerate parabolas 
as limiting cases? 

3. Derive ^ equation of a parabola to fft each of tV^following. ccmditions 
by using the locus definition of a parafcola. 

(a) IPocus (-1,-2) , directrix x =2 \ 

(b) Focus- • (-1,3) , directrix y =^2^ *' ■ 

(c) Vertex (o,0) , focus. <-5,0) ~ - . ' 

(d) Vertex (1^,5) , directri^ x = 3 

• « 

Obtain an equation for each of the p€LtabQlas fo;f vhich conditions are * ' 
given i^^^efilse 3 by using the standaW forms of the equations. 
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5. ■ Find an equfi^tlon of a parabola to fit each of ths folloviiig conditions. 

<a) Vertex (0,0) , directrix - 5 = 0 . 

(b) Vertex (2,-3) , dlrectr^ the x-axLs 

(c) Vertex (0,0) axis of synmetry the x-axls, j»&8ing through the 
• point (2,7) ^ 

(a) Latus rectim 16 , open down, vertex (-2,3) 

6. Crose-section pa^er and a cCTipase can be 
used OS follows. Mark one of the printed 
lines and B»rk successive parallel j 

lines li^ , , . Select any i^im F 

With a' 



on the saEte side of Lq as 



In 



eoo^^ass laessure on one of the printed 
lines the distance d^ froaa Lq to L 

With dg a^ radius and F as center, 
locate points ^2 ' 

a eimilar fashion, using d^ as radius, 

locate and P^* on L^, . Prove th 

the points Pg. * f lie- on a parabola, ^ 
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■ ^ 
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. To construct a parabola mechanically, place 
^P^Btraight 'edge L perpendicular to the 
^line MS . Attach on^Siid of a piece of 
string of length ST to point T of right 
triangle RST , and the other end to a 
point F on MN . With a pencil, hold the 
string against the side ST of the triangle 
as the side SR slides along ML . Prove 
that the poin$i P of the pencil describes 
a i>arabola as the triangle slides. 



"I 




/ 
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Chfitllenge Problems 

1. In Section 6^^ it was shown that the family of tangents to the parabola 

y = X at any pj^lnt P =; (a, a ) on the parabola caja be represented by 

* - 2 . . . n . 

the equation y ^^a^'W a . Prove the refjectivfe proi^rty of the 

parabola for this case^ (Hint: Show that the tangent makesl equal angles 
with the line frcxn P to the focus and the line through P parallel to 
the axis of the parabola.) , 

••sftgain using the results if Section 6-7, prove the following statements 

for the parab^a y = x , 

* (a) The points of tangency of two pei^ndicular tangeats are collineaai^ 

with the focus. 

(b) The locuB of the intersections of pairs of ^rpendicular tar^j^ents 
is the ^rect^pi!^, . ^ 

7-6. Hie Circle ^ ^ 



A circle is the set of points in a pjLkne each of which is at a given 
distance frosn a fixed point of the plane^ If the fixed point, called the 
center, is O = fh^'k) , €md the given distance' is r , for the i^quli*ed set 
of points P = (x,y) we h^ve 

^ (x - h)^ ^ (y - k)^ = r^ . 

If r = 0 , the solution set is t\^e single point (h,k) ; such a locus 

is often called a point - circle ^ If < 0 , the suJ^ution>Bet is the e^ty 
set; in this case the locufe is sometimes said to be^n imaginary circle • 

S^nce there are three arbitrary constants 'h, k, r in the standard 
equaitj^ of a circle, , it is in fe^^neral possible to impose three geometric 
conditions on a circle* The foUoVing" example will illustrate this. 



Ekan^?le 1. Fin^ em equation of the. circle which passes through the 
three points (1,2) , (-1,1) , (2,^-3) • - ^ - ^ 



■ Solution A. Using the equati5» x^+y^+nx + Ey+P = 0,ve write ' 
in tuim the condition tte,t mch of «ie given points satisffles the equation. 

If . 

1^ 1* + D + 2E + F = 0 , or D + 2E + F = -5 - 
1 + 1 - D + • E + F = 0 , or -D + E + F = -2 * 

U.+ 9+2D - 3E + F = 0 , or 2D - 3E + F =^ -13 ■ * 

We now have a syst^a of ^ 

quatiohs in 3 imkiKJwnfej solving these by any 

desired method, we flM that 

We substitute these values in the equation and multiply by to ohtaii^ . 

iix^ + iiy^ - 23x + i3y - ^ = 0^- • " . : 

So lution B. Here ve use tl;ie condition that the center (h,k) is, 
^^"■^^""^^^^^ » 
equidistant frcm any two points ,of the circle. We seleqt .tbeAflrat two 

point's and write this condition* 

(h - 1)^ + (i? - 2)^ = (h-+ 1)^ + (k - 1)^ , or kh + 2k = .3 



We then do the same thing for the last two points. " ' 

.* ' (h + lf + (k - 1)^ = (h - 2f + (k + 3)^ , or 6h - 8k = 11 
The cooydiiiajqs of the^jiS^atJp pf the desired circle must satisfy^ both c»f 
these equations J solving them, Ve have v 

' c = (h,k) = (fi^ H) . 

♦ 

Nov, we find the radius r , the dis-^ce between^ C and any*of the given 
points, say t^e f ir^r ' 

22 

m 
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Thus the , ^equation of the circle is 

* * 

^ 22 - ' 

nie-^tiiiient should' satisfy himself that this equation, when simplified, ie the 
V san^ as' the. erne obtained in Solution A. What h^pen^ tp the solution of this 
problem if the three points are collln^o*? ^ ^ 

Example 2. ,What is the locus of 36x^ + 36y^- 36x + hQ^ 2ik = 0 ? * 

Solution , We regroup the tenas and apply the distrit>utive lav to obtain 

We c<Hi5>lete the squa>es biy'^ddisg the same mnubers to eajch member of the 
, eqxiation, ohtainiiag ; , ' 



which .16' equivalent to 



1 2 2^1 
- 5) + iy + ^) .= 3^ . 



Hence the locus is a circle v'ith center *'^) ^ and radius 

Exercises 7-6 ' 

. 1. Rewrite the following equations to show what each locus Is; if It Is 
a circle , find the center and radius . ' 

' (a) . / + y^ .- 83k = 0 \ (e) x^ + y2-x + y = 0 

(b) + y^ - 6x - lOy + 33 = 0 , (f ). x^ + y^ - 2ax - 2by + a^ + = 0 

(c) ' x^ + y^:-i i|x + 8y + 20 = 0 ■ (g) . 5x^ + . 6x + Ify + 2 = 0 

(d) ^ + y^ + lUx - 9y + 60 = 0 (h) 2x^ + 2y^ - 2ax + 2hy - ab = 0 * 
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g. >ln-each of thfe following, find an equalkon of tlie circle (or of each 
circle) detemlned l)y the given conditibns and make a sketch. (L6t C 
OTfl r repxresent center* and radius.} 

(a) C = (3,-5) , r » 7 

(b) C = (^,12) ahd; passing througtf' the\ origin 
. (t:) C ■= (3,2) and tangent to an axis 

(d) = 3 wid passing through the poinllB (-1,1) , (2,:**^), ' 

(e) C = (1,2> and tangent to the line 3x - V - 12 = 0 

(f) passing throu^ t^ie points " (g, 3)*, (5,l) * (0,l) ' 

• * • '* 

3. (a) Use tbe fact tl^t a tangent to a circle is perpeiHiiCTiLar to the 

radi\is at j>oint of ojntact to f iiarSjr^JIrtion of a tangent , 

to the circle + = 25 at the i»int 

' - ' ,'12 2 2 

(b) Prove* that an equation of the tangent to the circle x + y = r 

> 2 

. ^at ^ point (x^iYj^) of the circae is x^i + y^^y r . 

2*- 2 

U. (a) Find the length of a tanj^t from (3,7) to the circle x ^y 25 • 
(h) Show that if -t is tl^ length of a tangent frOT the point'- (x^^y^^) 

to the circle + + Dx + I^r + F 0 , 

t^ = x^^ + yj^^ * DXj^ + + F - 

2 

(c) If in using this forsaila you find that t 0, , hov do you 

' ' ■ 2 
interpret this gecaaeti^ically? Wha-fe if t < 0 ? 

5. In Section 6^. we considered' the family of circles through the coianon 

points of tTO circles J such a family is SCT^times called a coaxial family 

or a pencil of circlCs. ^ 

(a) Find an equation of a pencil of circles through the intersections 

of the circles with equations ' . . 

* I 
+ y^ - lOx - 2y - 35 0; ^ 

(b) Find an equation of a circle of this pencil which passes through 
' the point (0,-6) . . , *! 

■ Cc) Find an e^tion of a circle of this pencil \rtiich has its center 
on the line x + 5 = 0 \ 

i ^ 



In Section 6-5 we found the equation of ef line through tte oousnon points 
of two circles; the same algebraic technique gives us tl^ equation of a 
line, whether the circles Intersect or not. This line is called the 
radicfiuL . axis' of the two circles • ' Prove that the tangents drawn tp two 
circles from any point in their radical^axis are equal in length. 

Find the poojrdihates of a point froift whicii equal tangents can bei drawn 

to the three circles with equations x + y i=l|,x +y - 6x+y = 12, 

' 2 ' 2 

X 4- y + i^x - 3y = 15 • . . - u . j 

Prove that the radical axis of two*circles is perpendicular to the line^ 
of centers of the^ircles. • 

Two intersecting circles are said to he orthogonal If thfe tangents ^t " 
each point of intersection ar^'^perpendiciilar. Prove that^if circles 

2' 2 • 2 2 

X + ^y + D^x + ELj^y + = 0 and x + y + D^x + E^y + :c 0 are 

•orthogdnal, then* D^D^ + E^E^ = 2(F^ + P^) , 
Show that t^he following pairs of circles are oi^hogonal. .\ 

(a) + y^ + 3x - 5y + 6 = 0 , xf + y^ + lOx + ^ ^ 0 

(b) 2x^ + 2y^ + 2x + 1 - 0 , 2x^ 2y^ - Ifx + ^ • 3 = 6 

determine the constant k so t^t each of the following pairs of 
circles is orthogonal . , / 

] /' • . / • 

(^) X + y - 3x +Jar - 3/^0, x +y +2x-y + k = 0 . ' . 

(b) + 3y^- + L *. ?y = 4 ^ 5x^ + 5y^ - x + 2y = 2 

. Challen&e Problems 

The vertices of triangle ABO ^ the centers 6f any three circles which" 
intersect each 9t>ier. Prove that th,eir cosancn chords are cor!burrent. • 

The vertices of triangle ABC are the centers qf any three circles. 
Prove that their radical axes are concurrent. (Does your pr?>of also 
hold for Chaliertge Problem 1 ?) . ^ * " . 
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- * ' • 

■7-7 ■ " ^ ' 

' ' ' •* 

7-7. ^ ELLlpse ' • ,. 

•Bie ellipse - is defined as tiie set of points P such that the distance 
from P to a fixed point (the focus ) is equal to the product of ^ coffetaht 
e and the distanSe from P to a fixed life (the directrix ). Utie constant ' . 
e , the eccentricity, is such that 0 < e < 1 . In bur earlier study we found 

/ — : ^ , c ' 

that if we tak^as focus (<?,X)) , and as directrix the line x .= , and 

4. . e * 

let a = - ' andt b'= -/l - , an- e^tlon for the ellipse can be written 

iff ^^b------ - ' ' 

' ■ . V . • ..■ '■ . 

We note from these relations that the equation *of the directrix can also be * 
written x = ^ or x = | . Another useful, relation- is c =a,e =a - b.' 

■ From Equat^jtin (1) we 8^/4at the graph pf the^eU^pse is syranetrlc with ^ 
respect to the origin andNs<Koth of t^e • coordinate axes^ hence the point . 

p» = (-c,0) and the line x - - also serve 'as focus, an*' directrix. The . 

■ e . .■ ■* , • ■- 

chord of the ellipse which contains the foci is j^led -the. major axis; its 
eridpoints are cfiUed vertices , ^pie midpoint of 'the majbr axis is called the 
center of the ellipse;, the chord perpendicular to the major axis at the center 
is called' the minor eutls . • , . • . 

In Fi^re l~k, parts (a) artd (c) summarize infomation about the dUilfee 
wli^h- ©luatioh (1), and also the comparable case with the role of the x-. ah* 
y-axeY^^^terchonged. ' ^ ^ 

The equation* * ^ . ^ ' ^ - ■ .• . 

If M and N are -positive, U in the form of 'an eqmtion of an ^11 ipse with 

c = (h,k) . . Whether the Tiia^r axis is parallel to the x- *orUhe 
y-axis depends on whether ,M or N . is larger. Using ' V,y' , F,F' , and 
D,D' to ind^'cat^^v^rtices/foci, and BlrectriceB, we can summarize in 
Figure 1-k, partB'(b)'and (d) , information about an, ellipse with center (h,k) 
^d axes parallel' to the coordinate axes. ^ 
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*^ If in BguaiiicJ^ (2) M and 5 are iwr^tivB^ t^erc i© no locusj scs»- 
tizaoK In IMe csafit w e^ak ctf an ifa^glnaxy ellipse. Bie equation ^ . 



0 \ 



has as its locus only the point (h,k)«^* Such a Imus is spoken Of as a 
degenerate ellipse or a , |>oint-elliifee j since its equation resen&les «iat of 
an elU^se. 

In discussing the ellipse and its 'properties and graph ve have, in this 
sectim, written the ^uations. In sreetangular coordinates. All of tte woi* 
could have. been, done jislng polar cTOrdinates. If the equation of m ellipse, 
or aay^ccaiic section, is in polar coorClnates, you may leave it in that form 
in order to grajdiviJ and ohtatn such in^ot^tion as H^^rdinates x>t f ocf and 
Vertices. / ' - , t ^ . 

The' shape of an ellipse varies with its eccentricity. As you see in 
Figure 7-5, the -nearer e is to zero, the closer the shape of the ellipse is 







e = .if 



•9 



Figure 7-5 



tg a circle. Ycm can see why the circle is spoken of as an ellfpse .of eccen^ 
tricity zero. Stor increasingly lai«e values of- e ^ the ellipse is more and 
more elongated. Oan you expl&in this result from the fact that 



Periiaps best known of the properties of an ellipse, is thai, f<5r any ptjlnt 
on' an ellipefe, the' sum of the distances ttj the foci Is a constant equal "to the 
length of the major axis. JlUie reflective property has inrportant applications 
in'^tics and' radar: fflncfe a tangefit at any point of an eillpse makA. equal ^ 
an^B with the radii dxswp to the two fbci, rays are reflected fran 6ne focus 
to the ^er. 5his property explains the "whispering gallery'" effect i-n srate < 
halls/w(iere a,whlQp§r at one spot, though not audible nearby, is easily heard 
at so^ more remote spot. ' l^e orbits of planets artd the paths of electrons 
about the nucleus in an atcw are approxiniately ellipses with the sun and the 
nucleus respectively at one focus. The elliptic form a^o opcurs in arfehes 
gpd geeurs. 
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fitangJLe 1.. Itisciiss and sketch the eUlpee vlth e4^tigii 
^ floJ^ion. We •proceed to rewrite this equation. 



le equivalent 



9(x? + fix -I- 9) + i*(y^ ^- 
alent'to ' 9(x + 3)^ + kiy 



I*) - ai + 16 - 61 
2)2^36 



or 



2 * 3 



since 3 'is larger than 2 , we see that a = 3 , "b =^2 , anfl. the major axis 
iB parallel to^the y-axls^ The curve Is an dllipse such as (d) of Figure 
7-^ with center {^3,2) . The eccentricity , . 



/5 — 

/a ^ h 



^ J hence ae « i^ and 



a 9 

— = s-t5 • We use these values and the 

forsmlas of Figure 7-^ (d) to obtain the 
coordinates for the' vertices^ V (-'3>5)^ 
V = (-3,-1) , and foci, p = (-3,2 + 
fF' = (-%2 - V5) , equatitjns of the stxes 
(x -3 , y 2)*^ and' directrices 

(y « 2 t Zt^) 0 In making a sketch ve 

■ • ^" 

usually locate the penter first, and mark off fran it thfe semi -axes; the 
Xolues used for this (h,k,a;b) may all be obtained directly from the 
equation in form (d) of Figure 7-^. ^ 



1 ^ 


1 


7 
S 

a 

•2 

/ 




1 " 






X 



T 



Example 2j, , Write an equation of the ellipse with foci F = (2,^) and 

3 



pt 1 anft with e = I . 



1 



Solution. Since foai this ellipse the major axis is parallel to the 
X-axis, we shall use^orm (b) of ijigyre 7-^. Ihe distance -betijeen the 
foci i^ . ^ 



therefpre 
f p 

Since 
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2ae = |2 - ^ 6 ; 

ae = 3 - r"^'-. . 

ae 3 - ^ 



a = 



e = T'^ ^ • 
5 
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3 2 2 2 * 
Using the relftticm » « • « - b , 

• g 2 2 S 

VIS have "b^a r'&^j 

and 1)^1=: l6 • ^ 

Diufl J . 1> = ^ 

Sloop the center Ib^ the laidpoint of If^ , C = (-1,^) . now write the 
equation - ' 

s2 ,„ ,.x2 



Ercrclsefi 7-T' 



^ 



1. Write an equatlcm of the elUpse with ;senter (3,2) , «toJor axle eq|i^ 
to 12 and paiullel to the x-axls, and minor axis 8 . FixA the ^ j 

\ eccentricity, the coordinates of the foci and vertice^, tod the equations 
of the directrices. Sfeke a sketch. ^ ■ ^ ' 

2. Write an equation 'of the^lllpse with <^nter at (O^O) , one vertex 
(3,0) and one focus (2,0) . ^ ^ ' • 

3. Rewrite the following equations In the forms of Figure 7*-^* mch, 
^ flnd^the eccentrlcltj^, the coordinates of foci aM vestiees, and 

equations of airectrlcesj sake a sketch. 





pp. 






Ux^'+ 25y^ •= 100 . 




(c) 






(d) 


P 2 

+ 9y = 1 




_ * 

Me) 


36(x - 25(y + 3)^ = 900 




(f) 


Mx + 5)^ + 9(y + 1)^ = 36 




(g) 


9x^ *ky^ .- 36x = 0 


\ 


.(h) 


l^x^ + y^"+ 8x - lOy + 13 = 0 

» * 






l61x^ '+ 25y^ - 32x + 1^ +,^^^ 0 






■' ■ • . ' ion 
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; k. WriteHm epilation of "an ellipse to fit «ach of the folloviog ccmditlon^ 
(letters a^e uaed ad In Figure 7-^)*. ^ • 

(/) C (0,0) ; jmSoT Ba±Q, 8 , parallel to x-axls; minor axis. 6 

(b) C » (0,0) ; V » (0,3). i F = (0,2) 

(c) C = (3,5) , directrix x =s 10 , a i 5 

(d) P« (3,^^) , P' « (-1,4) # e «^ 

5* What change amst be made in the definition of latus rectim giv^n for the 
parabola to make it apply to theV^llipse? Find a formula for the length 
of the latuB rectum for an ellipse; check that yonp formula applies for 
all four cases in Figure 7-U. 

6* A focal radius of bx^ ellipse is a seggaenii dravte jTtcm a focus to aiy 
point of the ellipse • Prove that tl^ sum of the lengths of «ie focal 
radii for any point on an ellipse is a constant, ai^ equal .to tl» 
length of the major axis. ^ - ^ - 

7* l^Pove that an ellipse is tte locus of points the sum of vbose dlstanqes 
from tw fixed Joints is 'a constant greater than %Ym distance between - 
the two fixed ^points*. 



8. Construct some 

ellipse frm given vertices 
. V,V* and foci F,F' as 
follows. Select. any jraint 
|, P of t^te segment 



^^^ints' of an, \ ' 



-t f- 



With P as cejrter and FV ' V' . F' P P Y\ 

a^ radius, strike arcs abov^ ^ 
and below Fv ' With 
,-as center ariSf PV* as ' 
radiuS, describe 'arcs inter- 
secting the ones fir&t. drawn, % 



and locating points R and R* of the ellipse. Then interchange F 
and F' and repeat, locating two more points, S and • Thus 
for any. ;^int >Buch as P on the segment four points can be -located. 
Why do the points so located lie on the ellipse ijith the given foci and 
vertices? ' \ ^ 




1^ 
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11. 



12. 



13- 




^. Const ruict ah ellipse ^ follows. 
Tie the ends of a piece of 
string to two thumbtacks. Stick, 
the tacks Into a piece of card- 
hoard B\ P and F* . Draw the 
string taut with a pencil point 
(P) and trace a curve. . Wiiy is 
the curve an ellipse? Keeping 
the length of the string the . > 

saioe, change the distance J V , . ' , . 

"between the tacks and ret>eat the construoition. What do yfou'ohservet j 

10. Use the locus definition in |beercise 7 in deriving equations of 

(a) an ellipse with fixed points (2,3) and (6,^) and sum of focal ^ 

ra4ii equal to 6. • 
(h) ' an ellipse with fixed points (l,l) and (3,5) and sum of focal 

radii equoJoto ^. ' - 

Some writers' like to include the circle as a special ease of an ellipse.. 
If a circle wi-Wr^ts center at- the origin Is to be^ttough^ qf^B^ an , 
eUipse, then a = b . What, then, is e t Is this, consistent with 
the focus-directrix definition a obnic? ) 
Sh9w that bie ellipse with focus (c,0) eccentricity e , and directrix 



x'= has another focus = (-c,Cf) and another directrix x = g 



e , 

Discuss and sketch the g#s[ph of ^ - J", qqq 

of the verti/^B, .foci, and centei*; the lengthy of the inajor and minor. 



, including coordinates 



axes and of the latus rectum; eccentricity. ^' 

Ih, ProVe that In an ellipse the length Sf the major axis is the mean . 
proportional between the diststnce between*the fgci cuid the distance 
•between the directrices.- . ' ""^^ 
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7-8. The Hyperbola <%* 

Ihe hyperbola is defined as the-set of points P such that th^ distance 
from P to a fixed point (the'^fopus) Ib the product of the eccentricity , e ^ 



fix 



and the distance frcan P to a fixed line (the directrix), with e' greater 



than one. In ou!r earlier study we ^ound that if, as" wi^h the ellipse, we take 

\ \ , ' ■ '"'^ 

c ^ c * 

as focus ""£^(0,0) and^s directrix the line x , and let a - and 

e 
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_ e • 1 , an equation for trie hjrperbola c«m te written 
(1) * , ' . . , . \ . 

■ • ' \ ' ' ' ■ ' V- ■ •■ 

Ibe hyperbola has the suae sjmetries as the ellipse, iQi^ IbxBtulas for fc 
vertices, axsA directrices are e^o tHe ^amej these are susmarlzed for the 
varioiiB 6ljq>Ie cases in Figure 7«-Q« . , « 

,lftilike the ellipse^ the hyperrol^ is not a boimd^d curve. In pari (a) 
of Figtire 7^6^ for exai^e^ ^ ^hat if ve take increasingly large values 
for X , the coorresponding values for y - are inc^a^ingly large in aj^solute 
^ value* On the other hand, t^ero are\values of x (in this case -a < x, < a) 
for'whi^b th^re cure no real values of\ y • If we solve (l) for* y. we get 




!br very large values of x , the values of y in the' first quadraMQt a2;||y 

very nearly eqtaal to ^^x (corresxK>ndlng cossi^nts applj^ in/ the other qtiadrants}* 

a 

Thus^we see intuitively that for -values of x that arl sufficiently large in • 
absolute value, the distance between ^a point 'on the ciirve and the line with 

eqxiatipn y = ^x (or y « -x) can be made arbitji^urily ssiall. ^Thus tl^ese 

lines are asya^totes of the hyperbola; in Figure 7-6 they are oiuied A and - 
A» . Yopi say wish to refer to Section 6-3 lAere there is a detailed, dis- 
cussion of the asyBg>totes of a particular hyperbola; it applies here* 

To make a sketch of a hyperboXi ve first locate the vertices, and then 
draw the asymptr^te^, !]3iey are di^vn easily since they are diagonals of the 
rectangle "^with sides 2a and 2b / IcKjated as in Slgure 7-6. Hxe segwnt * 
W , of length 2a , is called tJie transverse (or xoajor) axis of the hyperbolae 
(decline segn»nt joining the points (0,b) and (0,rb) , of length 2b , 



^Jtj^^ of part (a) of Figure 7-6 is sc^times called the conjugate axis.) J*roia the 

p op* ' ' 

V * relationship c = a + b. /we see that the length of the diagonal 'of the ^ 



"Rectangle is also the distance between the foci. We may use this* fact to 
locate the foci. . * , 
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7. 



Oonjugate • faypertolaa are cone 
-trie hyperbolks with the rdLcQ of tnek 
^ra^sver8e and conjiieate axea Inters 
changed. Tbe equatlc^ 



2 2 



and - 



7 . 



2g 1 



re|lft»s^nt conjugate hyporbolae* As 
shown In Figure^-T^ thay have the 
aeme asyn^totes, and their ^ocl lie on 




a circle with center at^the c^nt^r'of 
the curves. 



C 



Figure 7-7 



A Hyperbola; is called unilateral (or^ rectangular ) If tl^ transverse 
nni|^nnjii|Tntr axes are equal. In this oase the re^tbngle ve have used in 
sketching is a square^ and the asys^totes (vhich aune diagc^ials) are per* ^ 
pendlcular. You may have studied the famKy of^^dquilateral hyperbolas jvith 
equation & k . ^ IQieee are hyperbolas with the coordinate axes as 



asymptotes « 



4 



^ Fof^any pofnt of a hyperbol^^ the absolute value of the dlff erezibe of 
its distances frdci tvo fixed points is a .<^onst4nt« Ibis property sow-* 
tisBSQ uBbd to define a hyperbola; ^t has applications in range fixing ar^ 
LOBAR (Long Range *!lsvi^ldtion). Both of theae use intersecti(^ of fasiilies 
of hyperbolas. As with the gllipse, a tangent at any point of a hyperbpla 
makes equal angles with radii ^diw^n to the fcK^l; for the hyperbola, however, 
the radii are on opposite sides of the t^^ent.^ 



' Bxapple , Find the eqimtiona of the a^ynptotes of the hyperbola with 

^tion 9x^ - ^y^ + 5Ux + fiy f U 
asyisptotes . 



'22 m 

equation 9x - ^y + 5Ux + 6y F Ul = 0 • Sketch the curve and Its 



ir 



aolutlon . We rewrite the equatlcm, f ollcnrtng the same pisDcedUre •as* i» 
Ssoinjple 1 in Section 7-7* getting the ' * 

equation ♦ 



5—^ r — 2 — 

^ 3% 



1 . 



TblB is in form (b) of Figure 7-6, 
vltb transverse ax/s having ^ length 
of k ', the eon^Aigate axis 6 j the 
center^i^ C ='(-3*1) • To obtain 
the equations of {h^ asyng[»totes, ve 
write . . 



(=c ♦ 3)' 




or% 33c 4- Sy + 7 = 0 iuid 3x^- 2y + 11 = 0 . To make tBe s^tch, wei^locatie 
the center t , draw through C - lines parallel to th^ coordinate axes, ^an^ 
mark on them the lengths df the,%emi-axes. "Jfext we draw the rectangle, 
its diag<»iaj8 give the asymptotes^ and^we can sketch the curve. - 



^ ' ^ , sacejcises 7-^8 

1.* Write an equa-tion of a hyperbola with semi --axes 2 ai^ ^ , center 
the o^ginV aj^ transverse axii-oa the x-axis. Find the eccentricity, 
the coordinate^ of the vertices and fOci, and equations of tfhe direc- 
trices and asyn^tot^s. Sketch^the curve. • 

2* I Repeat Sxerclse 1, b\it this time let -the transverse axis i)e </n the 



y-axls . 



/ 



3. Writ^ an ^uation of a hyperWDla with center (--2,3) f seai-axes k 
and 3 , ^3jd ^^ransverse axis j)aral!lel to th^ x-axis • B>tnd the 
eccentricity, coordinates of vertices and foci*, and equations of 



^directrices eujd' asyinptote/. Sketch 'the curve. 



U. Repeat Exercise 3, "but this time have the ti^ansverse axis parallel to 
the y-axis. 
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5. For each hyper>>ola whose equation is given^ find the eccentricity ti^nd / 
the length of the sesai-axes; the coordinates of center, foci, and \ 
vertices; the equations of the directrices* and asyi^'toteys/ Ske-Ech the 
curves. . , , 



(a) X y =4 



2 2 



0 



(6) i*x^ - 9y^ = 36 . ' ' . ' ■ 

(d) - 25x^ = 3600 - 

'p ■ p ' » • * * ' 

<e) X - l*y - 45 + 2l*y - 16 = 0 

6. Fo^ each part of Exercise 5j vrlte ar]i equation of the conjugate 
hypeyrbola- * , 

1, I^ind an equation of the locu§ ot a point such that the absolute value 
of the difference of its- distances frc^ the points {5,0) -and (-5,0) 
Is 6 , ' ✓ 

8. Find an equatioyof the loctis oi a jKJint such that the absolute value 

of tW difference of itsi distances fran the jKJints (l,l) and (-l,-l) 

f 

i§ 2 . What is the e^entriclty of this curve? 

9. Prove that a hyperbola is the locus of a point such -that the absolute 
value of the difference of its distances frcxn two fixed points is a • 
constant which is less than the distetnce between the fixed points, 

10. V?hat la an ajjpropriate definition of the latus rectum of t -hyperbola? 
Find a formula for the length of the-^tus rectuia of a^yperbolfi^; 
chetsk that your formula applies in all four cases of Figure 7-6, ^ 

11. Construct some points of a^ hyperbola as follows 
F,F' and a lengtH 2a ' '* 
(sa < d(F,FO) Vith F as 

Renter and Einy (lesired radius r , 
describe^ an arc. With F* as 
cenifer and radius of length 
r + 2a , des^ibe ^ arc ijiter- 
sefctlng the firfet arc^al. points' * 
P and P* . Then use F* as 

a center wi'^- radius r , and 2^ 
F ^ vj.th radius r ^'pa , bbta^ninfi points* R etnd , Hius for ^ 
particular cho^^ of r*. ffSur p^nts'JKfi be located . ^VThy do the jx^ints 
so. locatec^ lie cfn a hjtoerbola? . / , • 




7-9 



12. Prove that the ^»tl<»# x « a sec S;, y «/br taif 3 are a paraa^ric 



V represeatalB^'of A^i^erbola. , * v - 

13* See if yoit lfaJi dpVise a^Mrt^6d of constmicting a by^^bola irtiich uSes ^ 
the equatitms/ln ExercAe;»12. (Hint: &e Secti<m 5-^. ) - ^ 

^It. Find equatl^.of^ the ^ullateriR hWJerboXas through the point .(3,-7) / 

fa) with the coor^nate . e^e^ asyiig^t^^ • ' 

(b) vlth axe&^df^tl^'hjfj^ifbl^t^ the coprdinate axes. 

15. JUst ag^ £- -I- Zjy « 0 was considered «n equation of a degenerate ellipse,' 
• a ,h*^ * . ' 



-1—1 2, 2 * • ' 

ve may Bpeak*of ^ « ^ » 0 «b the equation of a degenerate hyperbola, 
a b 

What is the locus in this ce^e? ^ ^ - ^ 



7-9. Senary / 

.A conic^ section is th^ intersection of a plane and a right circular cone; 
i^ is a circle, ellipse, i^irabola, hyperbcia, or, in' a degenerate case, a 
point, line, or pair of lineS. 

^ • In polar coordinatas a, circle with center at the origin has the eqOaticHx 
r w k . Any other conic section may be defined as the locus of points in a- 
plane' such that for eCch point the ratici of its distance from a given point 
in th<e plane to its distance from a given line in the plane is a ccmstant e 
called the 'eccentricity. Sich a .conic, if the center is at the i)ole and 
aArectrflK perpendicular ^to the polar axis and p units to the left of it, 
has *the equation / ^ ^ • 

a p&rabola if e ^ ^ , 



^ 1 - ycos h ' ' representing 



an ellipse if 0 < e < 1 , 
a liyperbola if e > 1 . 



J^a equations that relate poBar €md rec€ang\ilar coordinates were used to 
find corresponding rect'ar^lSir equations. These were seen to be equivalent 
to the equations developed In earlier work 1a algebra. Since the Information 
about the conies ,ln rectangular ?orm is* susmaarlzed at the ^ginning of the 
sections (7-5 through 7-8) dealing with each type, 'it is not repeated^ain 
here. ' . / ' ^ a 
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« A'aoalc' sactlcms have vidd usefu^nesg In theoretical MorkJ^n laathessatlcs 
■ and sclendi|Pta^^ in applUcat^oaa^lS^ a grfeat.'rorfety of prqbXems In ^^clecce * ^ ' 
and itiduBtr^; ' it \^ beep. po^sslDl^ to. mention only a. few here^ ' ' 

With*'thi& copter. w^conciud43. jfor the tii^ being, our study .of the 
Analytic . ge^eoetry tvo-spa%e,; He s&all taice \xp next the analytic geometxyn 
of three-^pa€e. "^Lajter/ if ^%ii^ perpit^^ the^re may be an opporiSunlty to 
fetum agaio to ^onip sections i^ order cfonsider the gene;f^ ^roblexp^of ' 
- ahovim. that :eJL1 equations of second degree in* x and- y "kave'loci vhiah 

* are' conic seclioae, and then -tO^ reliate the corresponding algebraic and gecsaetric 

• • ^ • ' . t . \ . - ^; ' . , . 

^ propertie.sv * 



\ - 



Revleii^ScerclseB ^ . .. 

1, ate€5!r-ttiegraph of ea^ of the tf^laving equaticais, , l^enti^ each 
conic sectionT^H^ give the appropriate Inforaation, (foci, vertices', 
center^ eccentricity, ijirec^rices, asyaptotes, etc.) ^ 
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■ (a 
(b 
(c 

(d 
(e 

if 

* 

(g 

(i 

/(J 

.(k 

(1 

*(m 
(n 
(O 
(P 
• (q 



3r - 2 = 0' 

r = 2 cos © 

8 ' 

I - cos Q 

k 

^ = 5 - 5 cos jS 

2 - c(5fe e = I ' 

^ 3 r 3 COS 9 

Ur = 3r cos 6 + 2U 

r =,U - r sin S - 

r = 3 + 2r cos 6 ^ 

2 2 
X - ifx + y > 6^ 4- 13 = 0 

3x - ty ==6 



2 

y + 



- 6y + 25 = 0 



25x^ + 36y^ + lOOx + 288y - 22U = 

3x + 5y - 6x + 20y +8=0 
2 2 

X + y - 6x + lOy + 3U' = 0 

<^ - 3y^ + 8x - 6y - lU 0 

Ihkx^ - 2^y^ + 576x + l^Oy l- -3?^9 

3P3 



0 



0 



\trlta an e<iuation for eacb of tihe foll&ring- aarft i?li«tch the rajs^. . , " 

(^) A t>arabolfl^ with vei;b« (0,0) Jand focus, (-5,0)^.*'.^ ' /. 

(b) A parabola vlttx vertex (7,6)*- and directrix y »• -fi 

(c) A circle vltM raditis 5 ' 'Euad tafigentto ^th axes. - 

•Cd) 'a circle ^vith center/ C = {'^,7^) passl^ thrcnigh ^ (3^-2) 
V(e) A circle tangent to the line* >r'Sy^2^0', passi^^ thjcau^ 'the 

, poipt C*2,0) , and' witl> cejnter on the y-axis,,* 
^(f) A circle passineT tJirough«,the points* -(O, If ) i (6,6), and ^v2,-lO) . 
.(g-J An ellipse *vith center (2,35, } ^ vertex (5^3)., and a directrix 

X ^ ^k\f ' . • , • ^ / ' * ^ . . / , 

(h) An ellipse with a focus (-53) , ^ajid dir^ctri.ces y = 6 and the ^ ^ 

(i) A hyperbola with foci (-i;i) and (5/1)-^ feid a yertex (O^l) . 
(J) A hyperbola with asymptotes. '3x*->y =^^0 ^ 3x^ Vy « D /ajnd 

passing throiigh the point (3,5) • < , 
(k) A parabola with axi^ parallel to -the y-ax|0"^ passihg ^^>hVough the 
poiJvts (2,li)., <0,5). and (-1,8) ,5* ' ' 

• • • V I 

Find an eq-uation of . the loeus of 'a point irfiose distamje^from the point . 
is 2. units more than its distance f rc^i the line y.+ 2 = 0 , 

Find an equation of^ the locus of* the center of a circle which tangent 
to the Ur» X = 3 and passes* A ^fe^ (l^-l) • ExplMn fT<m geoiMtric 
conslcierations why this iocuq. n^t jparabol^ ^' ^ 

- ^ - y ' 'J 

Find the eccentricity of an ellipse" whose, major axis is twice the lerigth 
of its min6r axis^ - ^ 

?fove that the equations x =^a cos 6 , y b sin fi are a parametric 
representation of an ellipse. 

Find an equation of the locus "of a point which mo^s so that its distance 
from the point (0*2) is W-half its distance frcnn the point (3,l) . . 

Prove that the product of the distances frcan any point a hyperbola 
to the asyiiiptotes is a constant. 

(a) If the ratio of the length of the conju^te axis to Aie length of 

the transverse axis of a hyperbola is 2^^ what is^e eccentricity? 
(U)-. If the ratio is k , find a formula for e . 
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10« (a) Sim iibsi.t x 



tr 



are paraiaetric equatlcms 



of a circle. (Bxese aquations axe sosaetlsieS* useful ln"*caldulus*«J^ 

(b) What Is the-giiaph of the eqmtiojis in (a) i'f only the positive ' 
signs before the >a4icals are used? If only the Mgative signa? 

(c) *' Show tjhat these paraaffitric equations do not reptjesent the points 



* ^ (r,0) and (-r^O) ^ SLncf this Is^the case) what would 1>€ a 

more precise way to state fa) in this e^d&rcisje? - , 

11. 'prove that, for the conjugate hyperbolas, vhpse eqi^tions are 



2 

a 



7 



^ 1 .and - 



a 



^3L = ,i 



b 



-the Bxm of the sqpiares of the 

r 



reciprocals of the eccentricities Is one. 

A curve is defined by the i>aitunetric equations 
;f = b + k sin 9 , w^ere 



B, , b , and 



X =s a + k cos B , 
are aibitrary constants 



(k ^ O) . Find ^ eqtiation of the curvi% in standard rectangular fom 
and identify it. What is the sig^ficance of the requiren^n^/ ^at k 
not be zerot ^ ^ 

An archway Is^ in the shape of a seffli-eHipse. Ibe distance across the 
base of ^the archway is 30 feet, and its maximum height from tl^e base 
is .20 feet. What should be the limit on the height of vehicieff' usitig 
a cen-t^lly placed 20- foot wide road under the archvay? (Uie posted 
limit is such that a vehicle of that height,, af the edge of the road 
but not off the road. Will have clearance.) 



The cable of a suspension bridge 
liangs in the form of a parabola 
from supporting towers 6CX) feet 
apart, l^ie points where the cable 
is suspended from the towers are 
100 feet above the roadvay, and 
the lowest part of .the cable is 
10 feet above the roadway. If 
there are supporting atr\ictures 
to the cable from the two points 
on the roadway each 2€)0 feet » 
from the bage of the towers, how 
high must these supporting 
structures be? 
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15. , "Prove, that the product of the focal radii frtsa a polot on an equilateral 
hyperbola i^. to the squ&re of tha dl8t«axce froo: the point to tbe 



16. (a) Write an equation of the flamily of ellipses vlth the origin as 



/ center. 

(a) Write an 

•J^^center, Jmajor axie.^ong the^-axis, and eccentricity equal to 1. ^ 

(h) ^*rite an equation for the fflesfter of this family with thB length 

9f the ipixlor axis equal to 12 . : • 

/ • . • : V ' ' ^ 

(c)^ Vrite an equation for the menber of this family VhicR parses ^ * 

• 12 

through the point, (^,-5-) - , ' 

17. Prove tbe following BtatiBj^nts*analytically. * * 

(a) A radX^s perpendicular to a chord bisects the chord, 
(h)- OSie 4>€rpend;icular fron any point of a circle to a diaoieter is the^' ^ • 
mean proportional between the sfpaent^ of the ^iaroter. 
''\c) The locus of a point such that its dlstaribe frtm oM fiqced. point 
is a constant multiple of its distance f rcmi a second fixed point 
■ is a circle. (Wh^t restriction must there be on the value Of the 
constant for this to be a correct statement?) ' 



Challenge Problems 

\. Prove that In a hyperbola an asym^ote, a directrix, and a line froanthe 
corresponding focus perpendicular to the asyagyfcote are concurrent. 

S. On a map marked with a rectangular grid jising a mile as a unit, three 
listening posts are at A = (0,0) , B =. f2,0) , and C - iO,h) . An 
' explosion is heard at A 5 seconds after it is heard at B , and 8 
seconds after it is heard at C . ^ere did the explosion tajie place? 
(Use 0.2 mile per second as the speed 6f sound. Find equatj.ons of the 
tvo loci involved, and find 'the^ appropriate intersection fither by 
graphing or by Using the equations of the asymptotes. Do you think that 
it is sufficiently accui^te in this case to assume tbaf the asymptotes 
meet at* the point you want?) ^ ' 
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3« A taxp^r chasges hie residence because of a chane^ in hia place of vork. 
^For hia idovisg ej^nses t^o T>e allowed as a deduction under the {tevenue Act 
of 196^,' it is nece^sar^ (amoog otiier requireronte) that hie new prinolpal 
place of vork be "at least 20 miles farther from his former residence 
tt^m was his former principalis ^lace of votk^^ 

&Kppt^e a man'^B^nev exoployment la at a plac^ 30 mile's frcm vhere he 

vas pre^viously oiqployed. Let P = (x,y) regres^nt the location of his 

old ho^. W!rite In aimljrtic fpzn the ccmdition*^ under which tiie man would' 

. ^ * 

% entitled to deduct moVing expenses to a.ney hc^* (Suggestion:. If 

and points representing the 'old and new places, of eit^^loyn^ent 

respectively, let W^Wg be the #*^is, jmd let the midpoint of . ^ V 

:the origin, ) , , • 

• 4, For the- parabola r « j coT^ prove the reflective pro^er^iyj that ifif/ 

the tangent to the parabola at th^ point F = {.T*f&) makes equal angles 
iwith the polar radius ^ and the line' through P parallel to the polar 
axis. ' ^ , ' ^ 

5» Prove analytically that, in any triangle, the midpoints of the sides, 
, the feet \>f the ^altitudes, and the i>oints halfway between the vertices 
and the orthocenter lie on a circle. Wiis is called the nine- point circle. 
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/ ' . GSiapter & . ' ' 

'. ' 

!mS HUE fiSD TSE TLkSE IN 

8-1^ The Exteitslcm to 3-SpHK;e # , J^^' , \ ' * " I . 

• Td 1^;its polxrt in our ptu£ty have sought analytic repfeseutatlcms ql sub- 
sets, of a iQ^anej In tusrn ve have sketch^ tl^e*loct, or gr&x)hs, of both sSLge^ 
hraic sncl rector relationships vith i^e assun^lon, osually tacit, that their 
geCTetrlc itft^rp(retatlG|i vas confined to a plane on a line* 

Our pr%yi0ua experience in geometry has bem lai^ely in a ja.sne; even 
ve did consider ge<»&etric eonfigur^tions in sx^e, ve frequently pursued* 
our Investigations in holy cme tm planes. 

• * It is ^aier to analyM loci in a plane, but ve lire in a vorld of three 
dln^slons* If ve are to apply otir gec^tric knovledge to pliysical prd^c^, 
ve xaust be able to extend oyr (^mcepts to B-^i^P^^* - 

In this chapter an^ the next^^ shall consider the basic exteialon to 
3-space of the ideas which we bmre already developed; ve* shall ev^ suggest 
how repetition of this process, leads "to mathematical structures vith more 
dijttehsions, lAlch are called spaces, even though ve Qanpot possibly visualliZe 
th'^iu - * ' 

In this chapter ve shall be extending som of the ideas of ChEgrtera 6 and 
3 to 3-i^ce;:you might want to review these chapters Tsriefly^ before you con- 
tinue* ^We assuiae that you have had soBie experience vlth rectangiilar ccx^rdi- 
nate systems In 3-space, but we shall reconstruct the d^elopment* We shall 
consider the analytic representations of lines and planes, and we shall make 
suggestions on sketching to help you visualize the^ graphs. The extension pf 
^vectors to spaces of higher dimension is surjjrisingly easy; this is another 
reason for the favor vectors find in contei^rary analysis. 



One thing you might ke^ in mind. Hie locus of ^ condition depends ^i^Ji^ 
the si»ce to vhicb it Is applied* We have already seen that the equation 
» c= 1 describes both a point on a line and a line in a plane. Here we shall 
see that It also describes . a ixLane in 3-space, In spaces of higher dli^nsion 
it would be subject to still other interpretations^ In general, analytic 

* 



representationQ de^cril^e loci in any ^i»Qe iiblch has least jas many dlmen&^cms 
as the axtfUytic re^restiai^tLan has indfggmagmit varl^^^« descsrlbe the lootii 
ve xsust first the madDer of dlsbenalons df the apace in iftiicb, it occurs. 



ft ' « " ■ • ■ 

o-2« A ^CcKxrdittate System for 3-Space t 

In Sections 2-1 end 2-3 m disousiic^d rectangular . ccKirdlnate systeiiK? in a 
line at^ iJi a plane* Bbv ve shall indicate hov a siail ar coordinate *syBteqi 
can be introduced intq 3**spacer . ^ 



9 



begin l^selecti^ an arbitrary poi^t 0 



in dpace^ and jUirase imitually 



perpendiot^Lar linas througl) . 0 The point ^ 0 is caU-ed tbyf ogtgln ot th« , 
eoordixiate iystem and the liz^ are cai ) ed the x-^ y-^" and z-aaees . Oa Mch 
axi^ va set ^ a linear c<K?rdinate sy^esifVlth point 0 as ita origin* . 
plane det^itoin^^by the and y^^axes is eall^ the a y-plane > fgie mid 
yg -ylanes are defined similarly • The three are caiU-ed the coordinate planes . 
Lcjt be any point in spcure. Let 



a be the coordinate of the projection of 
P on the x*axis. a is call ed tJie x- coordinate of . P . The and - 



>r^iia' 



te6, 8^ b and c respectively, are defined siisLlajrly. To itbe point 



P ve assign the ordered triple (a,b,c) of coordinates* Just as in the 
plane, the (^yrrespondence betveen points and ordered seta of coordinates is ' 
one-to-one. ^ The (»>ordinate planes divide space* into eight regions called, not 
unnatura^bsy, octants . Usually only one of them is. txusiJ^r^, and it is called 
the flitet and is the one in idiich all the coordinates of ev«^ point are 
positive. * 



Ca,0,c) 













* 




> 




f 

(0,0,c) 




t 

(0,b,c) 
















:o,b,o) 



Figure 8-1 



Ohe point '(a,t>^0) i» caHed tJie pro^eciicai of ^ entitle 
ac'-plaae. , Uhe poifit (a,0,0) is called the projection of (a,b)c) on tlie 
jc^ajds, and so forth* * ' • * ^ 

^ !I3ie configtiratlcm <)f ax^j^ediovn in Figure 8*1 is'*ealled a rlghtrhanded 
gyatem becduse a rotation of the positive sfde of the ^i-asdrs into the 

positire side of tbp y-»aHs viU adr^ce a right-handed screl along the 
^ po6i%ivj& side of the s-axls. We shall iiae this eystem in dr^cgs in this 
* text. If the locations of the and y-eo^s are iiil^^Shanised, . as yo4 vUl A 
f±M that. Ihey in sc^ texts, the^S^teia is left-hai^ied« 

Distance .Betvem Twp ^PQi^ s^ ^e may use the, PyihagorMn Olheorci to 
develop a fonaila for the distance Ijetw^.tvo points in ^lace* If laie points 
are' = ^^^^Vqm^q) 'V^ {x^,y^,^) , pi& dlstanuse between theai is 

■ d(P^,P,) - /(Xi . x^f . (y, . y/ .^(L - . 

Bjints of Division :' Ah extension to 3-sp€M5« of the mgthod used in ^ 
Section 2-3 to obtain the cooi^nates of the point nhich divides a line 
* c • 

segment in the ratio ^ gives us, for the segmeit Pq^]^ ' 

• i . : ■ ■ 



c + d 



In the special case -Hhen c = d , we l^ave the midpoint, tvLth 



X = 



(3) 



— 5 — 

^0 ^ 



O . 3U 



ibperclses 
, > * * ... 

Hrw a sketch sbovl&g BBC^-of the folloviog points in space: 

(e) . (-1,-1,20 

(f) (-1,-2,-1)1 

(s) (-3,1,-1) 



(a) %<l,2,l) 

(b) (-2,1,1) 

(c) (2,0,-1) 
Cd)' (1,-1,2) 



(h) (1,-1,-2) 



In B»rcises %2,' and^ 3, P (1^2,3) ^ Q » C-3,2,l|) 
Pjijd d(&,P) ,MO,(i) > d(P,I{) ,.axid^ d(Q,B) 

Find the midpoints of ^ and Er*, 

(a) Drav"^ , ^out 3 inches, 
long^ oWJ-q^e to. the of . 
your paper, (kmB±A& AB as 
drawn from the rear lower left* 



and R » (^r^^l) 



1 




to the front iqpper right comer 
of a rectangular solid* Next 
drav obllqpie segments frcHU 
to P aad frcsn E to Q 
eqjual^ In iCTgth and parallel 
but vith oppSblte sense of 
direction, If> as Is usually | 
iJhe case^ the solid is •to he oriented vith respect to rectangular . . 
coordinate a:^a, isake AF and BQ parallel to the x-axl8« Ihen 
.drav a rectangle vith hojpisontal and vertical sides and vith F eS^ 
B as opiK)eite vertices; this is the front face. The back face is 
another rectangle vith A and Q as opposite vertices. Two nsore 
segmlfents ccsnplete .the figure. % 

Now start again with the same kind of diagonal segaient 2b» , hut 
consider it dravn from the front lover left to the r^r upper Tight, 
and drav the new solid. Th±& time reverse the directions of > 
and ^ . Nov A ' and Q are in the front fac6 and B and P are 



in the hack face. 



The origin and the point P = (3,5,^) are the xjj^site comers of' a ' 
^rectangular box that"^as three of its edges along the axes. Drav the box 
and glveRhe coordinates of its othfer' vertices. • 



Repeat Exercise 5, using P = (-5>^#-i) • 
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7. Given: « iz/:3,h) and Pg - (-l,3*,-2) 

it) "jfejke a dravlng \^ch' shovs P. , , w& . * 1 

(b) Write the ccK>rdlsiate6 of tli^ pointajl4M^ toe the pMjictitms ^f- 
,jf and - on each of the »es and on each><if the Tnosrdlnate 

planes. " . ^ ^ . ^ 

(c) Find the length of P^Jg and the l«n^ of its projeQtions on the 
, axes and on the coordiimte'^anes* * • 

8. Rei>eat Exercise^ ?, using P =-(73,5,7) and p 'o (3,0,«t.3) , . 

9. If \ «= (3,-l^,6) and ^P^ » ,(-2,3,-2) fin* the coordinates of point P 



on 


P P if 


• 




P is the midpoint of "^-^2' 


(b). 


d(Pj,P) 


= |d(P,P2) 




d(Pl,P) 


= |d(P,P3) 




d(Pj^,P) 


= fd(P,P2) 


(e) 


d(Pj^,P> 


= fd(P^,P2^) 


(f) 


d(Pj^,P) 


= fd(P^,P2) • 



10. In triangle .ABC , A = (2,4,1) , B = (l,2,-2) and C = (5^^0,-2) , Find 
the lengths of the sides of this triangle and decide -what kind of 

V 

triangle tt is. * , i 

Challenge Problem 

We introduced a coordinate system in 3-space by selecting three mutufiQly 

i * ■ 

perpendicular lines through an arbitrary point. Show that this is i>os8ible. 



8*3f Parametric Representetion of the Line in 3 '■Space . 

Our discussion ^in Section 5-^ of th^ parewietrlc representation of a line 
i^a plane*gei:ieralizes quite easily td 3-space. Let Pq( 3^*2^0' ^0^ 
P^(x^,y^,2^) be tvo^jx5ints>in space and let L be the line through them.^ 

<^ >• " "^13 1 1 Q 

:RJC . -^-^ • ' • 
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Assume fSr the time beJjjg that,^ is not parallel to or lyl«8 ^ coordl- ^ 
nate plane, Dien Pq and - canaot '/both He lii the aqr-plaae and w' let Pj^ 

he one ^di does not. ^eace Pq,Pj^ ^ and (Xi#j^|0) ?we act col^nfar and 

detennlne a piaae M containing I» . -M « l,|itersecisB the ^-jaane In a line 
called'^ the projection of L the xy-plane J Since the line containing 



ai^ ^® perpendicular to the ^s^ane, jplane M is 



pe]^&n<liculara 

to the xy-ijLtfne. Hence the line f^wm ^ perp&i^lc^l"- to the ay-plao* (and 
thus intersecting it in the point (3CQ,yQ,0)) lies in plane M aM is a'point 
of L , the line of intersection, ^ . 




Figure 8-2 



From our previous dJ.scu8sion, we that L'' has the parametric 

eolations 



(1) 



We would have a parametric representation for L very similar to the one we 
obtained for a line in a plane if we could show that if P = (x,y,z) is on L 



3Ultab2 



for sul^le p . !Qie questlbn is, jj^ a eq^al to t f Tbat it is ceuff^l 
^tjved as follows. Let V be the projection of L oa tte y^-pij^ . : Jfe-J 



(2) 



'z - + s{Zj^ - Zq) 



Froto (l) and (2) It follovs that for each point P - (x,y,B) df L , a « t , 
and benc^ L has "Uie parea^trlc representation 



(3) 



y «,yo + t(jr^ - yo) ■ 

We Irave it to thffl^iident as an exercise t(^ prove that (3) represei^e 



L even if is in or ^urallel to a cooxtUnate plane 



To savd inciting, let 



i - I a ■= yi - yo ^ n ■= - Zq • 
We call (i,m,n) an ordered triple of direction nmnbers for 1 . If c 0 

the equations 

X ='Xq + cit 

... 2 = Zq + cnt 

fidso reiaresent L . Thus it is natural *tQ extend the de^iition of 
equivalence of ordered pairs of direction numbers for a line in a plan^ to 
/ ordered triples of direction nximbers for a line in space* Two. such ordered 
\^ples are, said to be etpiivalent if corresponding m;^>©rs are prx>porti<mal . 

Let L 'and V be the lines with parametric equations 

* 

y = y^ + art ' * L': , 



+ mt 
Zq + nt 



X o it 
y « nt 
2 = nt* 



r 



^ • Hgure . 

parallel. Let =» (xq + i/y^ + b , + n) /'Q^jj,m,n) . P^^ end 

PQ(xQ,yQ,ZQ) are on Lj p and Q ' are on L' . IQie taldpolnt of 5?^ Is 

M fLs also the midpoint of PqQ ." Th»i8 OR^P^^Q is a plane quadrilateral ^ 

ijiSbse diagonals bisec^ ^UJh otiier and hence is a parallelograBu It follows » 
that ' L and L* are par^lel. Ihe fbll^idng. thec^ran is an alaoQt i^edlate 
consequence of omr argijBtent. ' ^ ^ ' 

aSBOBBl &^1 . Two^Btinct lines L ai^ L» are parallel if and only it 
euay triple of direction mnnbers for L is equivalent to any one 
for L' . ' * 

As in tiie plane, a set of direction numbers for -a line can be used to 
e8t«rt}lish a direction on the line. Let (i,m,n) be a triple of direction 
nuflibers for the line L - ^ ^^'^O'^O^ ® point on L ^ L h4s 

representation ^ " ^ 

y\= + nrt ' 
^ E + nt .* 

^ Km • 



Hie positive ray (on- t ) vith endpoint is the set of^polnts cor^lsting 



of 



If P, is 



and all points o^ L given by positive .vali|es of t^, 
another V^if^ of ^ , the positi*^ ray Witti endpoint* points In the same 
direction as the one with endpoint in' the sense, that their intersection * 
is ohe of them. If c > 0 , the triple (q^cm^cn) of direction niimbers 
for. J^, establishes ,the saofi ]^sltive direction on L' as do^s the irlple 

* . ' ■ •■ ~ ■ 

• * If it,m,n) is a triple of direction pumbers for I* , the triple . 



i m n \' 

/j^VTTJ' JlfTTTT.' /m/T?:./ 



is of parti ciilar importance, fe^bch a<k*|dple is sometimes ^qalled a normi^'^ ^ &ed 
triple . Sote that A + p, -i» = i . Let .us assume f£^R that L goes 
. through the origin. The point p = (^p.^v) lies on t -lai^^^ dio,!") « 1 4 
. Figures B^ka and S-Ub show the situation vhen >^>0,|j,>0,v>Oi. 
and/the situation vjien < 0 , \x > 0 , y > 0* respectively. In bojbh capes, 
=.cos p , where p is the angle determined by the positive ray pn L 
^^th endpoint 0- and the positive half of the y-axj-s. a and 7 are defined 
similarly, vlth the positive halves of the^x- an^g^es, respectively, 
replacing the positive half of the y-axis/ * 




P - i\[L,v) 




Figure 8-i« 



Figure 8-l4b 



:Dir 
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If L iB the x-axLs, then any triple of direction numbers for it has 
the, form (j,0,o) . If . i > 0 , the positive ray vlth ehdjsoint 0. is t^ 
positive half of the x-axle and feos, a = 3^. If J < 0 , the positive ray 
'on L- vlth endpoint P is the negative half of the x-axLs and cos a = -1 . 
'Similarly, if h is the y-axis/cos 3» ± 1 depending on the algebraic sign 
of m , and if L is liie z-axLs, cos y =. ± 1 depending on the algebraic 
sign of. n The staident should consider the other possible combinations of 
signs for X , , and v , to iwke stire that in every case ?^^= cos a, 
|A - cos p , and V - cos Y .The angles q , P , and 7 are called 
direction angles of the Une -L irtth its direction determined by the ordered 
triple (J,ia,n)* of dlreetiop numbers. OSielr cosines are called the y 
-direction &>sineB . If we determine the direction of L by aieans of the 
triple (cl,cm,cn) of dlrefiUon numbers, with c < 0 , and if ^o' , P'', 
and -y' are the new direction angles, then a and a' are supplementasy 
angles, as icre p and p' , and -y and Y' . 

Finally, let L" be a line \&leh does not>pass tlirdu^the origin,(5^^ 
let {l,m,n) be an' ordered triple of direction numbers for L . Let L' 
be the Une thrc^ the origin parallel to l", and let* the dlr^tlon on L* 
be determined by the triple (j,B,n) of direction numbers. -Hien we define 
the direction angles and cosines qf L to be the .corresponding ones for L» . 

Kotice that throughout t^s discussion we do not define dlijpction 
angles or direction cosines for a lin4, but only" for a line which has been 
assigned J direction by means of a triple of direction nui^ers. 

In Action 2-3 ve derived a p«raiBBtrio representation of points on a li^t 
frtan their syissetric representation. Something slndlar* can be done with a 
paraH^tric representation of a line in space. Let L be the line wi4h 
parametric equations 

X = Xq + it . 

(1^) ^ j y = yQ + rat 



+ nt 



Suppose that ism 0 . Then ve can eliminate t from any two of these 
equations by solving each one for t and setting <he results equal to each 
other. Using ^e first two, we get — * 



1 m 



yaiog the first thlrdj w get 



t-— 2 — . .'N_ 



CcHsablnlng the last tvo results ve get 

• • • • 

* ■ • ♦ 



e5) 



i m 



Qieae are called sywaietTlc equations £or L • ( 

Ebere r^iKiins the q:uestion of iihat ve have achieved by-eUMx^tlng t • 
Let be any real ixiaaber airi let 

^ -yo ""^0 

c - Eq + ntp ./' ^ r ; 

a. - Xq b - y^ c - 



• ■ ■ " 1, m n 

'OSius if the pqlnt (a,bjc) is on the gre^ of (U) it is also on the grs^ 
of (5). If we let • , . 



*0 " "^F"' " ~5 n — ' 

we find at once that the point (a,b,c) also lies on the gra^ of {k), ISam 
the ^grai^s of (U) and (5)'are identical. 

♦ 

' Equations (5) are ecjuiv^ent to aay pair of the three e<2us1^ion8 



X . Xjj 


y 


- ^0 






m 


X - x^ 


z 




i 






y - yo 


2 


- ^0 



m n 



Each of these is an equation of a plane^ We shall discuss the signifi- 
cance of this particular set of three planed containing a line In the next 
section* * 
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•If at least one of the Arectioa numbers for L vanisiies we cannot 
wi4ta such syiaaetric equations for L . We can, hDweveyj eliiainate ^ <^ ^ 
and obtain equatibns of two planes containing L . We leave this to the 
exercises. 

* ^ You nay have read of spaces of four or more dimensions. We are now in 
a position to give you sonie idea of what was i^ant. 'You have learned hov to 
set.up a one-to-one correspondence between the points in a plane and the 
ordered pairs of real numbers, and between the points in 3-space and th6 
■ oi«ered triples of real numbers. Given a coordinate system, it is natural 
to s#ak of "the point (2,3)" or "the ^int (3,2,-1)." This, suggests 
that 'we should define a point in tf- space^ for exangsle, be an ordered 
quadruple of real numbers. Similarly, define a lii^ in i-sfiace to be the 
set of points in ^-space given by a set of parametric equations of the form 

X = Xq + Jt 

, ' ^ .y=yQ + nrt 

* • • • . 

•2 = + nt 

W = Wq + ^ . 

It can then be p^ved that there Is' one and only one. "line" through two 
distinct "points." We can define the distance between Po( ^'^0**0**0^ 
and P,-L(Xj^,y3^,z-j^,w^) to be ' ^ . • 

d(Po,p,) = /(x^ - ^ (yi - yo)^ * - ^o)^ ^ (^1 ' V ; 

We can define the jcoordlnate axes to be the four "lines'* throia^ (0,0, 0,0) 
each of which passes throxigh one of the "points" (l,0,0,0) , (0,1,0,0) , 
(0,0,1,0) and (0,0,0,1) • Many other geometric concepts you have studied 
can be generalized in this way, but that is beyond the scope of this course • 



m 
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jasragLe. If A « {^,-1,1^) ^ B o (-2,2,1) aad C » ^2,3, -2) , 

( a) write parajnetric »aad syaaaetrlc rejiresentatlons for AB , aod 

(b) write equations for the line, tlrrtugh C parallel to S • . 

Solution , 

(a) For parametric form .(Equations (1^)), we neea a point on the line and 
direction nimfljers. We choose A «= (3,-1,^) , epd obtain direction 
nuifijers (5,-3^3) • Hence the line AB^ has as a parassetric jrepre- 
sentatlon > " 

X = 3 + 5t\ ^ y 

y ^1* . 3t • * * ' " 

E « 4 3t • 
From the first Ufeo of these we ^et 

5-3 

From the last tvo ve get 

t =iLlJ: = . 
-3 3' 

Confining thg last tvo' results, we have as syinn^tric equations for 

AB ' ' 

t 

■ X - 3 y + 1 _ z - k 
.5 " -3 " 3 

(b) Since we have direction nunflber^ for AB , we can wrtte issaedifiitely 
a parametric r^resentation of a parallel line through C, , % 

X = 2 + 5t 

y-3-3t ^ ^ 

e = -2 + 3t 
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Eacerelaeg 8-3 

In ExerclBeB 1 to 3, P - (1,2,3) , Q « (-3,-2,1) , and R - (2,-3,1) . 
1. Write ppa'asietric equations for the lines determined 1^ the folloving 



Conditions; 


(a) 


!Ebrou£^ 


(b) 




ft) 


llhrough 


(d) 




(e) 




(f) 


!Qirough 


(6) 


Stroud 


(h) 


through 


(1) 




(J) 


llhrough 



ERIC 



2* Write an eqpiati.on In Egnteetric fom for eftch of the lines referreft to in 
Exercise 1 (if^ it is possible to do so). 

3e Write a set of Mimli^ disrection mmibers for ^ch of the lines \^ 
' ' ' * * . 

aescrlbed in E»rcl8e 1. It 

If* Find two paranetilc representations of the Jlne tharougb each of the 
folloning ^ars of points niiU^ establish opposite directions on the 
line. Flnd^fhe coordinates of another point on *ach llne^ ^ 

(a) (1,1,-2) and (0,-^-l) (c) (M.i) and (1,-2,4) 

-(b) (^1,-1,^1) and (-2,-1,1) (d) (-3,1,1) and (j^i-i) 

5. Find the tvo triples of 'direction MSines .for each line in Exercise 1. 
-Using a table of the values of the trigonometidc fii nctjgn s, find the 
appxjxifiiate value of each of the direction angles. 1§ 

6*' What are direction cosines for the axes? 

7, Find airection cosines of a line that makes equal angles with the axes. 

8, In each of the following parts deterodne \rtrether the third point is on 
the line containing tte first two. 

(a) (1,1,-2) , (0,-1,-1) . (2,3,-2) 

(b) (1,0,1) , (-1,-1,-2) r(-T,J^,-ll) 
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10. 



Dsteztdxie vhich, if sxQr/ ^ tits lines detoxmlx»d by tbe folloving pairs 
of points are parallel. ' ■ ' 

(a) (l,l,i2) and (-1,2,3^ (d) (-3,5,12) and , (1,3,31 

(b) (3,-1,2) aad (-1,1,11) (e) (2;-3,»^) and (-^,.§^-6) ^ 

(c) (l,-l,3l «ad (5,l,p.) (f) (.1,0,1). aad- (l,rl,-^) 

write sy^tnc e^Uons for the lines 

X « -1 + t 
y - 2 + 2t 



X = 2 + 3t 
t = 1 - 2t 
z - -1 - * 



X - 3 + 2t f 
y s -5 - 3t 



z h ~ t 

X - 2 - t 
y - -1 + 3t 
4 - -2 



* 11, Frwe tlu^i If L lisB the parametxi-c representation x » J^. Jt , 



y «= y^ + mt . , a - + nt , and if ai^ Pg are the points oa 1 
given by the valwea t = t^ at^ . t = tg , th«Q , 

dCP^Pg) - 4^T?T? Itg - t^l . 

Interpret this result in -vot^b, including the ^>ecial case luben the 
direction nunfl)ers lure 2K)rn»llzede 

12, Prove that Equations (3) represent L even if L is in or parallel to 
a ccK>rdlnate plane« ^ 



Chalice Problems 
le RLnd equations of two planes lAich intersect in the line 



y = -1 + t 
2 = 2 + 3t , 



Bxplain carefully how you kmjv both the planes contain the line. 
2, Had equations of two planes which 'intersect in the line* 



X = 2 

y = -1 + t 
2 = -1 . 
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3. 



Find i»raB»tric eguatlons f^r tl^?^'^*** througji the "points" 
^O-'^Vyo^W ^ ^I'^^VV^^ / Rrove'that If ^ ; 
.Pg « ^ V^a' V^2^ ^® ®^ othd^p^t^" on f the ''line* 

through- and xsontalns iEhu© there is only one ''line" 

through tTO given "points". \ %\ v. ^ ^ 



k. Let Pq « ^^^yo^ V'^'o^ • 



Find 




iea of the projections^ of 



Pq on the coordinate axes, on cK^>r&i^^e lilies, and on the 



coordinate hyperplanes/ (Before you can do t^sie tast part j^u wiXl have 
to decide nhat it means.) ^ ^ - , 

5« A cube In ^-^space has an analog in 4-space vrtiic^i^s called a^' tesaeracy . 
Ibke a three-dij^slonal "picture" of a teBseract;^:.^(li te^ help ycm to 
think about the sketch belov, In vhich a ctib? is draik In a plane. 




Ihe six faces of the cube, vhich are squares, are represented by two - 
squares and foiir trapesoids.) In 3-8pace there Is a relationship 
connecting the nunfloers of vertices, edges, and faces of a pojyhpdron* 
Try to discove* this relationship by considering son^ sii^e cases. 
Try to find a corresponding theorem ^ ^-space. 



8-1^. The Plane in 3 -Space , 

In a plane, the set of points equidistant from tvo distinct points is a 
line; the equation of a line in 2-8pace is of first degree. In 3-8pace„ the 
set of points equidistant from tvo distinct points is a plane. We review 
briefly the derivation of the equation of a planej you may recall it from 
Intermediate Mathematics * • 

The point P = (x,y,z) is equidistant from two distinct points 

^1 " ^h'^Vh^ ^2 ^V^2'^2^ ' 

d(P^,P) = dCPg^P) ,^ 
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or 



We square bpth menders of the last equation and coUect terms, obtainifig 

Since d(P^,P) and ^CPg'.^^ ^ poaitl^ numbera, this argument can be 
reversed, and any point P = (x,y,z) whose coordinates satisfy Equation (l) 
is equidistant trcm and Pg . 

Bjuation (l) is a first-degree equation since the coefficients of x ,.y , 

•nd z* are not all zero (they could all*be zero only If P. and P were 

1 2 

the sasm point, but they are distinct). * 

131US we have shown ttiat Ithe equation of a plane in tfc^.si»ce is a 
linear equation of the forin ' 

(2) ax + by 4- cz + d c 0 , 



vhere 



and 



^ - 2{X2 - , b = 2{y^ - y-^) , c = 2( - z^) 



The proof of the converse—that every equation of the form (2) represents 
a plane—Is left as an exercise* ^ 

We note that the coefficients of x , y , and z in Equation (l) are 
direction numbers of P^P^ , a line perpendicular to the planej hmce they are 

direction numbert of any normal to the plane. We shall extend this idea in 
Section 8-6. We also note that since P. P^ , the coefficients a , b , and 

f - 

c are not all zero. The restriction on a / b , c is necessary. Let 
a = b = c = 0 . If ^ d is not zero, no triple (x,y,z) satisfies the equation, 
while If d is zero, every triple satisfies the equation. Neither one of 
these sets is a plane. 

Let us consider certain flrst-defefee equations in which some coefficients 
are zero. If the equation is of the form ax = 0 (or x - O) , It represents 
a plane In i*iich.the x-coo^dinate of every jKiint is zero; cleirly this is the 
yz*plaae. In the same way, equations of the other coordinate planes are of the 
form by = 0 (br y = 0) and cz » 0 (or z = O) . 
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In general, ve say find it helpful in viBualiaing a plane ^ose" equation 
is given, 'and l^^ving its graph, to find the traces . These are the inter- 
sections of the plane vlth the coordinafte planes. - 

^Exaagle 1. Sketch the graph of + IQy + 5^ ■ 20 •= 0 • 

2 

• Solution ^ To find the trace in the 
xy-plane ve let a = 0 in the equation 
of the plme, obtaining " ^ 



kx + aOy - 20 c 0 • 

TbiB is* the equation of a strai^t line 
in the xy-plane. 



) 




In aiiailar f«8hloji, w6 find Equations of the traces in the yz- and xa- 
planes (iQy + 52 - 20 = 0 and l^x + 5y - SO « 0 respect i-vely. T 1516 grai^io 
of these lines in the coordinate planes (or Ihe parts of ^e graphs in one : 
octant) suggest the ^wj^ of l^x + lOy + 5z -. 20 ■= 0 • 

Exaiig23,e 2. Sketch the graph of 2x + 3y - - 12 - 0 . 

Solution , A8» in Exaingple 2, we 
find equations of the ^aces in the xy-j^^ 
yz., ax>a x2-planes 3y - 12 = 0 / 

3y - ^4 - 12 = 0 , and 2x- - - 12 = 0 
respeoKively) and then make the sketch. 
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]Btoia!ple 3* Sketeh tbe grfl^ of y * 2 « 0 



8oltttl<ai > We parocede as before, 
drsvlng tlie gr«piis of y ^ 2 , the 
e4M*tloii of the traced In the aiy- mOi 
7s*]^anes« OSiere 1b no trace in the 
xs«*|ilane; to make our r^preseatatlon 
o<»epatlble vltb our idea ot a plwe, ife 
cooipLete a paraUelo^sa parallel to 
the xz-plan^. 




Since, If tvo different planes Interaect, their Intersection Is a line, 
ire can represent a line by the eniUjatlons of any tuo different planeiTlkmtalnlng 
that line. With this In tsLm, let uS IcKsk again at idiat ve found* In ^ectlon 
8*3 as the synsitftrlc equatlcms for a line L , . 



J ^te n • 

These equations are equivalent to any pair of the i^ee equaticms 





X - 




y 




^0 










m 










z 








i' 






n 






y - 




2 














n 


i 



We knot' from the argument ' in Section 8-3 that each of th^ three plan^ 
contains L • N^^irthersjore, each one lacks one of the Variables. This means 
that ^u:h of the planes is perpendicular to one of the ,coQ;rdinate planes'* This 
follows because^ in the first of thesjtf:^'three planes^ for enable, if 
{x^,y^,z^) is a pQint in the plane, so also is (xj^,y^,k)^ ifticare k has, any 

r«l value, ISiue for any point of the plane, a line perpendicular to the xy- 
plane, through that point is contained in the plane. These sfBssetric eqiiations 
represent three planes, ^ch containing the line and each perpendicular to a «^ 
coordinate plane. These planes are call^ 'Uhe pTOjecting planes of L Th^ . 
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are special cases of the ^^Jectiziis cylinders of a curve •rtilch viU be con- 
elAtted In Cainpter ^ 



EMEgptLe ^ Sketch the line vith; 
^uattOQS 



X U y " 3 



^ T ^ 



Q« (0,7,6) 



by using projecting planes • 



' Solution ^ , We wite the eqjiations q^^j 
of two of the projecting planes, 



and 



. 2 



>2 



5 - 1* 
-1 




Figure 8-5 



These equationlB may be rewritten as 
X + y « 7 and x + 2* = 12 , We draw 
I«rts of the Unes vith these equations in the xy- and xa-planes, and '^^plete 
the sketch as ahovn in Figure 8-5, ^ . . ' 



Nov ve turn to the problem of findinjg the jaisfazice betveen & point 
X ^0 " ^V^O'^oC a""* P^^® ^ ^"^^ eq&tion 

ax + by '"+ c»' + a - 0 . 

.There'is a uniqae\lne S containing , ahd aoraal to plane M . If H 
M intersect af , Ahe distance 'betwen Pq and M , vhich we seek, 



is ^a(PQ,P^) . We write parauKtric equations for N , using direction cosines; 



A 



they are 



X = Xq + >t 

y - yQ yt 
2 o 2q + yt . 




Let t^ represent the particular value 
t vhich gives the distance hetvtfeen^ Pq 
and , the point in ididi H inter- 
sects M . Since P^^ is in M , its coordinates satisfy the equation for M 



Figure 8-6 
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1 



• 



hence ^ ' ' » • 

or ^ ^ * 

If WB divide both mesb^ of this equation by c we get 

Since a , b , c are direction nuiabers for H , ^ " X 



b ^ c ' ^ 

- : ^. = * ■ V . We Slibstltute X • li • v . and 

obtain . ' , ^ 

But, since A , Ijl ; and v are direction cosines, X^ -i- p.^ + 1 ; so 

• /a -f b^ + c ^ 

. 9 

E3caiiq?le ^» Find the distances between P = (1,-2,3) an* planes 

♦ 

\ = ((x,y,z) :3x-2y + E- 5«0} and M^- {(x,y,s) ; x + y = 0) * 

Solution , Using Equation (3) , we find that * \ 
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1. mte and aia^Llfx the equatlo^csf thfe loeue of polnta equidistant f«» 
A » (-2^,5) and B - (2,1, «i . Check your work by using a different 
method to find «ie equation of thri plane -which Is the loeue. 

2. Follow the Instructions In the first exercise, but use A ■ (3,1, -4) an* 
B = (2,-3,1) . j 

3. Find the intercepts and tiraces of the planes tAose equatiais are given. 



aod sketch the plaziM« 








(a) * 6x -1- l*y 4- 3z -12 = 0 


(f) 5y • 


■ 8z 


+ 20 


(b) 2x + 5y +^ - 10 c» 0 


(g) 3x • 


- 6y 


+ 22 


(c) l^x - ^ - 52 - 10 « 0 


(h) 3y 


- 5a 


• 0 


(d) 3x - ^ + ^ 6 « 0 


• (i) X - 


7 - 


0 


(e) 33C - Jl^y ' 12 « 0 


(J) 2z + 9 ' 


■ 0 


Write an equation of the fasdly of plants 






(a) containing the origin 


r 






(b) parallel to the iv-plane 


* 






(c) parallel to the y^-plane 






'J 


(a) parallel to tjie a-axls 


s 






(e) parallel to the x-axis 








(f) perpendicular to the xa-plane 






Drav the line determined by the points A 


■= (5,1,3) 



0 
0 



/ 
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5. Brav the line determined by the points A = (5,1,3) and B ■ (1,1^,5) >y 

(a) using the n»thod described i;a QMarcises 8-2, no. k; and 

(b) drawing tiro of the projecting planes. • ; 

6. Repeat Exercise 5, using A « (2,2,3) and B « (0,5,5) . ' 

7. What is a set of direction nunibera for a line per^dicular td the pikne 
M = ((x,y,E) : 2y + 5z - 7 = 0} 1 Write the direction cosines for 

< 8\¥Jh a lliie. I * 

8. Repeat ExerJlse 7 for the plane M = {(x,y,z) ; itx - y 4- 2 «= 0) . . 

9. Find the distance from the point P = (-l',2,2) to each of the planes 
•with equations given in EsMrcise 3. 

10. »aepeat Exercise 9 but uae the point P = (l,J*,-l) . . * 

UL, tind an equation of the plane through the points . - 

(a) (1,2,3) , (-1,-1,»^) , (2,0,1) 

(b) (2,1,1) , (5,2,3) , (-1,-1,-1) 
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IZiT Find an equation of a plane through P and paztOlel to M if * 

(a) P - (1,2,-3) « ((ac,y,2)*: 3x - ?sr + « - 7 - 0) . 

(b) P = (-1,2,2) y M o {(x,y,E) : x - 2e + 3 » 0) . ' 

13# Shov that If the x- , , and z-intercepts ot a ^aro aarie a , h , and 
c respectively, an equation of the plane is 



V 




C 

ik» Writ^^ equation of the plane vlth ^ y- , and z-intercepts respectively 

(a) ^1^, 3 ,A } 

(b) , -2,5,-3., , 

15. Write an jequation of a plane containing the point P and the InteraecAon 
of planes ; M and H ^ ^ 

(a) P .= (1,0,2) , M {(x,y,E)*: X • 2y'+ E - 1 = o) , 
^ N = ((x,y,&) :^2x 4"y 4- z 4- 1 = 0) 

(b) P ^ (3,l|-l)f M ^ {(x,y,*z) : X + 3y - ^ 0} , * 

N {(x,y,z) : y - 2z + 3 = 0} . 

16. Show that the four points A ^ (1,2,1) , B = (2,-1,-U) , C i= (0,1,2) , 
D = {2,3,0) are coplanar. * 

17. Find on equation of tlae plane containing the' points; 

• (a^ (l,-l,i> , (2,0,0) , (-1,-1,2) ' • 
(b) (1,3,5) , (2,1,2) ,.'(0,.1,-1) 

18. Prove that any equation of' the form ax + by 4 cz + d «? 0 represents » 
a plane. (This is the converse of the proof at the beginning of this 
section.) 



8-5. Veetors in Space ; Ctocyanents in 3-S pace > ^ ^ 

' U 

For vectors the «cteMion to 3-space is fiot only natiiral, btrt tlso 
jp^ticularly easy. In your, study of ^Chapter 3 you may have realized th%t the 
^ distinction between paarallel and collinear vectors is not as clear as the 
distinction betveen parallel and colling directed 'segments. Actually, there 
is no distinction. Beciiuse a vfector i« a set Of equivalent directed segments, 
two vectors *ich ^ve representatives on i)arallel lines also have representa- 
tives on the sai^ line. In fact, a vector on a line has rejaresentatives any- 
vhcre on axiy line parallel to the given line» If a is a 'vector, every point 
in speu:e is the initial point (or, for th^ matter, any other, point on the 
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line) of a representative of « . This is the basis for the Origin Principle 
and the Orlsln-Vector ftrinciple. • * 

For the sme'' reason no tvfo vectors say be noncoplenar. If the representa- 
tives of tMO yectors He on skev (noncsoplanar) lines, they not only have other 
Vepresentatives in a single plane, but also reg?resentatives in any othet' 
. parallel plane. PurthettMre, in such a plane they may be represented, of 
c^urse^ by origin-vectors, ' 

^ !nie definitions and laroperties of operatiOM%jhich involve no n»re than 

* tvo vectors, such as addition, scalar mltipliipatio^, the distributive laws, 
and the' inner product, ajjply in space, BxiA my be interpreted geometrically 
in space. Theoreo© describing relations batwe^ tvo vectors also spi^y and 
loay be interpreted in ^pace. If at this point you vill reread the definitions, 
principles, and theisresans devel<^ped i» Section 3-2 through Section (pages 

191-112), •you vill* see that every statenent and prrof applies t^jr^ors in . 

space, ^e figxirefr lHustJrate the situation In a plane, .and in accordance 
' with the Origin-Vector Principle oUr prrof s are in terms of origin-vectors 
•which ^e coplanar. As our discussion here iMlcates, our definition of 
vectors Is such that a geOTietric relationship in space nay often be described 
by vectors in a plane. In general, the vector description of a'problem in 
space frequently mey be reduced to a vector il^stration in a plane. The 

* illustratipn fn the plane may serve as a sifljpler guide to the algebraic rela- 
tione between the vectors. The resultB obtainea w then be applied t6 the 

^ original problem in space. Of dourse; ve miet hear in mind that not all sets 
pf vectors are coplanar. 

As you revleved the material In Chapter 3, you may have wondered "Whether 
the diacusBion above Justifies the statement that Theor^ 3*2, the associative 
property* for vector addition, dOes apply in spacer After all, the theorem 
states that P + (Q + R) - (f + "5) + *R , and the three origin-vectors need 
not be coplanar. Strictly spiking, the assertion- is valid, tpr vector 
addition is a binary operation; that is, we never add more than tvo vectors 
at a time, Therefol-e, as ve perform each step of the proof, we are ^y adding 
^vectors in a single plane, though the plane. we work in may change from step to 
step in the proof as a Vhole. Still, the theoi^m is Interesting and illustra- 
tive enough to consider as an example. . 



I 
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Eacany le 1. Prove the associative property for. vector addition: 

P + ( Q 4- R)' « ( P + of 4- "r . 



Proof. 



In the figure belov we Illustrate three n6no6plfiumr orl^n 

vectors, P , Q , and R • Tlie eegi^nt 7[§ is drawn ^j^lLI el and congruent to 

PO and the s^paent >RB is drawn parallel and congru^t 'Jto Wl . . Each of the 
• • • . 

quadrilaterals POQA and MfflQ are parall^ograma, since in each two opiwsit;^ 
sides are parallel and congruent. BT is drawn parallel and congruent to ^ , 
and thus also to ^ • * 

T 




AT is drawn* Since TB and AQ are parallel and cong^ent, quadrilateral* 
AQ33T is a parallelogram. Therefore, is parallel to ^ , and also to 

* (If (TO is drawn parallel and congruent to and rc' and CT are 

also drawn, the entire figure) Is a parallelpplped, a prism Vhose base is a ' 
parallelogram region. However, we have not quite proved this here.) Since 
PO and TB are parallel and congruent, quetdrilateral POBT is* a parallelo- 
gram. Since AT and M are parallel and congruent, quadrilateral OBTA is 
^so a paralleLogrflm. 

We have now identified enough parallelograms to enable us to perform the 
vector additions^required in the statement of the associative property,, , 

The left member 

P + ( Qm- R) = "p + "b T , " 
since ORBQ and PCBT' are parallelograms, and the right member t 

+ Q) + R = A + R = T , 
since POQA and ORTA are parallelogramBj thus 

P + + r") = (P + q) + R . 
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Once a rectangular coordinate system has been introduced in S-space, ve 



have a one-to*-one corre8iK>ndence between the ordered triples of real nuxabers 
> - 

and the terpinal |K)int8 of origin-vectors. I^xxb, if the terminal point of the 
origin-vector A has coordinates (a^^ag^a^) , we may denote A in qogyonent 



form by [lij^,ag,ag] , lAere a^ , ^2^^^^ ^ ~ ' 

oopgfcnents respectively. 



and 




Figure 8-7 ^ * 

It follows from the definition that two vectors a" and h are equal iff^ 
and only if the coi^n^t fo^p» of their origin-vectors' are identicalj that is, 
t if and only if [a^,a^^a^] « [b^^b^^b^] > and [a^^a^^a^J « l\f^2'^3^ 
'nf and only if = b^ , a^ - b^ , and a^ = b^ , 

Several theorems in Chapter 3 were proved^to hold in the plane using 
cpniponents. We shall restate them here with modifications appropriate to their 
interpretation in space* We suggest proofs for some and leave the rest^ae 
exercises. ^ 
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THEOREM 8-2 . If t&^^agjS^] and "b » [b2^,b2,b2 J , 
A +.B » [t^ + , ag + bg , + b^] . • 

^ We note tbst if the aura is /f , th^ IBST «nd bisect each 



other at 



(■ 



0- 



Thtis 



THEQBIM 8-3 , teiltiplication of a Vector A by a Scalar r is glvteq by 
rA c= [ra^^rag^ra^l • 

The proof is iWt as an exercise. 



m9 



ISEORBM The inner product of tvo vectors A and B is given by 

A • B o aj^b^ Bgbg -1- a^b^ . , 




, Figure 8^6 

• By definition A • B } A| | cos © ; in triangle AC5B ve see by 
the Lav. of Cosines that 

>Ti2 
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Thus, . ^ — - , 

2iA||B| , - - . 

THEOREM 8 -p. If X , 7 , and Z are any vectors, tbei^ 

' ( a) X* • ( y" + Z) a X • 7 + X • 

(b) (tit) • Y = tCx" • Y) ' ' 

Corollary , x" • + bZ) = a(X • ?) + b(X • Z) . 

The proofs "are left as exercises. OJhe other theorem of Chapter 3 were 
not proved using con^jonents and involve no more than two vectors; hence, they 
f^jply ii 3-space* 

s 

ExatBple 2, J^nd the angle formed by the origin-vectors to the loints 
A = (2,-3,3) and B = (-1,3,1) • 

I 

Solution ^ We recognize that' the inner product, 

A %B = |a| |Bj c* e , 
will help here. Since A = [2,-3,33 and " B « [-1,3,1] , ve have 



2 . (.1) + (^3) • 3 + 3 • 1 = i^^TT^3)^T7 A -if + 3^ + 1^ CO? e , 



and ' 

cos 6 = 

Hence " 6 ^ 121 • 
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Ve reeaU, tJpLat ai^y vector expressed In c(&QK)pent form In the plane be 
resolved loto c<fflg)onent vectcars along the axes. The congwnent vectors in turn 
may he expressed as^alar mltlples of unit vector^* Kius ve may resolve a 
vector A as follovs: 

A 8= [a^^^ag^a^] 

» C&5^,0,0] + CO^a^^O] + [0,0, a^] 

«.a^[l,O,0] .+ ag[0,l,0] + a^[0,0,l] . 

It is customary . denote the unit vectors (1,0,0] ^ [0,i,0] , and [0,0,1] 
by i , J , and k respectively. Since aiiy vector A may he e3q)ressed as a 
linear conSjination of i , j , and k as 

A = a^i + agj + a^k . 

$ 

we say that i , j , and k form % hasis for 3-space. 

The use of vectors gives a concise way of describing a line in 3-space, 
Let (/,m,n) be a triple of direction numbers of a given line L which 
passes through the point ^QC^^yQ^O^ * Thus a paran^tric representation 
of L is 



X = 



y y^ ist 
z =5 nt 



The vector D = [/,m,n] lies on the line L* , which has b parametric 
repre sentaljion 

X = it • . 

y = mt 
z =? nt , 

and \Aiich is parallel L . Thus a triple of direction numbers (j£,ni,n) 
of a line h determines a vector parallel to L . PurtlienQore, the ix)int 
P(x^y,z) lies on L if and only if 
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• • . ■ 

If L is the 3Llne tubicti iNaases throu^ two distinct points 
' VW^)^ and Pj^(x^,y^,E^) , then, ft©m Ch^ 
(x^ • , - jTq , - Zq) iB a triple of diireetlon nm^Msrs of L • As 
ve hftve just seen, this triple of direction nuidbers determines a vector V 
is paj'allel to L . But 

!DiU6, - is ^ vector paimllel to the line thro\^ Pq 
and . 



Exagyle 3. Find a vector r^resentation for the line ^PqP^. ^ ^^3:^ 
Pq = 31 + 2J - J«t and = -2i + j + • 



Solution , Pq » (3,2,-^) and P^^ ^ (-2,1,2) . Rence P^P^^ 



haa 



(5,1,-6) as a triple of direction nuaibers; d' « [5,lj*6) is a direction 
vector for the line. Hence, the vector repreaentation or the line, 

P - Pq + tD , 

becomes 

p =:t3;2,-U] + t[5,l,-63 

= [3 + 5t , 2 + t - 6t3 ^ ' 
.or >, P - (5t + 3)1 + (t + 2)J - (6t + U>k , 




1 1 3 , 
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X, let 1*- {1,0,03 , J - CO,l,of V «w3 k - [0,0,1] . Find 
(a) !• J te) J. ;J ^ 

(c) J. k . ' .(g) a) . 5i 

I'i (h) (3i'+.2j - k), {2i + J + k) 

Find the cosine of the aagX? hetveen tbe»tvo vectors in ea^' pert of 
Sxercise 2. • 

3. Olven B ■ 21 + 2J - k . Find r such that » 1 -. 

1». Let [2,3,-1 3 -rB « [3,j-2,ll , C - f-1, 3,-2] . Find" ; . 

(a) 2A + ^-C (d) 5{A - C) -fe 3{C - a) * . 

■ (b) A . 2B + 3C (e) J(A + B - C) + 2(A - B +^S|V 

(c) &(A + B) - 3(B - C) (f) f(C - A + i) - 3[B + A ;J> . 

5. Use values of A , B , C , as in Exercise h, and find X so that 



(a) A + B'C + X ^d) A + 2X B + C - X 

(b) 2A + 3B = 1^ + 5X (e) 3(X + B) 2(X - c) 

(c) 2(A - B) = 3(C - X) (f) X + 2{X + t) + 3(X + b) = 0 
. . . .jfc ^ h 

5, Use the values of A , B , (T , as in Exercise and find 

(a) A.B . (f) (2B 4 3C) • (2B - 3C) 

(b) 2A . 3^ ' (g) (3A + ^ . (3B -^ 

(c) 3A. (B + C) Ch) (A + B C). (B - A + C) 
^ , (d) ^.(3A + ^) (1) (2A - 3B + UC). (5A - 2C + *4B) 

(e) (A + B).fA-B) (J) A.A.+ B". B + C' C 

?• Discuis emd relate ^ 

"a* A , |a|^ J |Ap,A.A.A. 

8, Given P = ai + b;) + ck. Give algebraic and geometric interpretations 

Of -1 . 

1^1... 

9. If A = 21 + 3j + Irtt and B = jd. - j + 3k . Find x such that AOB is 
a rtght triangle. 

10. Given A ^^/^ + 35 + ^k and B = i + j - k , find the length of the 
projection of A upon B . 
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11. Shov that the line Joining -^he ei^ points of the vectors 

A « 21 + 3 J + ^ and B 1 • J + i*-k is parallel to tixf xy-plcme. 

12. If ax^ c[!& , prgve t]^t c[( a + S) • . ^ i 

13. Describe In terms of eoiaponents all unit vectors perpendicular H^o the 
xy-plane. 

lU, Find a vector to both A = 21 1+ 3J + Uk and 'b = 1 + J - k • 
" ' Hpte ; There ar^ many solutions*^ Can you find a general solution? 

15. Find the measures of the angles of the triangle vith vertices at 
A = t2,.l,l) , B » (1,-3,5) , C = (3,-^,-^) • ^ 

l6« Find vector representations of the lines^assing through 
P = (a,b,c) ^ (0,0,0) \rtiich* are perpendiicular to P . 

17. Prove TlieorW 8*'3# ^ 

18. Prove .!Bieorem 8-5 and its Corollaa^. 

-8-6. Vector Representatio ns of Planes and Other Sets of Points , 

In the first course in geometi^r plane is Sn undefined term; its use is 
described in the postulates. * From the postulates ve lecorn that a plane is a 
set of points and" Is uniquely determined by three noncollinear points. Further j 
if two ix)lnts lie in 3. plane, then every j^±nt of the line containing these 
points also lies in the plane, tod if two different planes Intersect, their 
intersection is a line, A line and a plane vere defined to be perpendicular 
if and only if they intersect and every line lying in the plane and passing , ^ 
through the point of intersection is perpendicular to the given line. 

.In Section 8-4 ve used the fact that in space the locus of points equi- 
distant from two given\fK3ints is a plane. This led to analytic representations 
for planes in rectangular coordinates. In this section we shall consider 
pother description of a plane as a locus and develop vector representations 
for planes. 

We let M be a plane and N be a line perpendicular to M at a point 
P^ . Any other point P , in M , and determine a line in M ^ i^ich by 

definition is perpendicular to N . By a theorem from geometry, every line 
*p^;^endicalar to K at P-^is contained in M . Thus, we 'may c(^ider M 

to tt^^:tehe locus of lines perpendicular to N at . We call N a normal 

.line to the plane. 




Figure. 8r7 

The descirlptlOQ in tern» of perpenfilciaarity suggests a vector repre« 
sentation In terms of the inner product, for if m Is, a vector with repre- 
sentatives in M , and n is a vector with representatives on N > we hare 
m • n «= 0 . Kiis wiU be A^urer If we interpret the stat«»nt with origin-* 
vectors. The vector m. has a repres^tative eramating frc® i^ch 

also lies in M * The vector n^ also has a repres^tatlve n^' emiE»ting 

frCTi Pq whioh lies on N . Hence and "r^ are perpendicular* Their 

corresponding origin-vectors M and H are perpejdicular and Bl«^^ « 0 # 
By the Origin-Vector RriiKsiple we a»y interpret this as Q'^n o . 

TO obtain a vector representation of the plane M , we note that if P^ 

is a fixed point M and P is any other point in M , then ^ • ^ 

parallel to M • OSius, we my describe the plane M as 

{P : (P - P^) . n 0) • 



We note that P. is also 'in the set. 

recall that it is possible to characterize a line vhic^ does not contain 
the origin in 2-ai>ace as the set of points vhlch is perpendicular, or nomal, 
to a directed segment OP at P . In S-space we may describe a, plane as the 
set of points vhlch is normal to a directed segment oS , or 6rigin-vector H , 
at If ii called the, normal vector of M . If the given iK)int of M is 
N then ' . * , 



= {P : (P . N)' IL= 0) . 
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8-6 ' ^ . ' . ■ 

m 

If we let P « {x,y*a) , iHf « p , and U,p,,v) tJ« the triple of 
direction cosines of 0^ , ve have ^ ' ^ 

. H => (>P, Pl># VP) , 
azid * • 

Thus 

(P - H)y N » (Ex,y,z] - p[^,M.,vl)» p[^,M.,v] - 0 , 
since p >^ 0 , is equivalOTt to 

or 

' 2 2 2 

^ Xx 4- -t v2 - p(X + p + V ) « 0 

2 2 2 ^-^ 
Since > -fp + v =l,w have ^ - 

M - ((x,y,2) ; >^x + uy + vs • p « 0) , 

on^^^nalytlc representation of the plane in tersar of the nogmal form of its 
e<|uatic»u Ve note that (7v^p.,v) direction cosines of tficTnonaflLL segs^nt 

ai^ tbBt p is the distance betmen the ozlgin and the idane. ' 

Exaaple " Im Fl^d sn equation of the j^ane iftiloh is p^rpendisular to tiie 
vector A « [6,-lf,3] at the point A • 

- ' Solution^ We have V « 

' [x - 6, V + U, z - 33' [6,-^,33 = 0 ' 

and • 

6x - 36 - % - J.6 + 3z ;9 = 0 

or 

6x - Ity + 32 - 6l = 0 . S 

Again ~VB 'note that the coefficients are direction niaxtSbers of ndnaal ^Ines to 
the plane, ^ U ^ 

c 

Exagyle JS.^ Shov that If ^ ^^'^o'^O^ * ^1 ^\*^V^']) 

distinct points in a -plane with equation ax + by + cz + de=0, then every 
point of is in the' plane. 
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Solution . Any poiat P - (x,y,s) cm 1^ has tbe iwrMMftrle r<^e8«nt«- 

tlon 

And l8 ^ the plane if its coordinated satisfy tte equation 

ax + by-fcz^doO. Tbe left vmiber becomes ' / 

a(xQ + ix^ - XqH) 4. bCy^ 4- (y,^^ y^H) t^^^O * ^ ^ 
^ ^ byQ * cZq + a) + (aatj^^j^cz^H - {sx^^^ hy^ ^ cSqH 
■ 0 > C -d)t - ( -d)t ^ 0 . 1 • 

Therefore^ atqr point ft the line is ccMxtained in the plane. 

We may use vectors, as ne di^ in Section 3-6^ to describe other sets of 
points in space. 4 • 

EMBg)le 3. Fl&d a vector representation for the lllne segront deterxained 
by the-«vector0 A « [2,-1,'i] and b'b [-1,^,7] in terms of a'i^i^e p^r^seter 
P • ' 

Soltttion ; FISM the developnent abovei AS - {X :J«pS>^ t*ere 
p>0,q>0, ai8i p q «»»1} 

Since p + 4 « 1 , 1 « 1 - p J sii^ 4 > 0 ,\1 - p > 0 or p < 1 • 
Since p > 0* , the ccoibined restriction on. p is^that 6 < p < 1> ?sr 
substitution^ ."^^ 

pS » pl2,-l,3l + (1 - P)[-I^^#7]i where 0 < t < 1 
^ « E2pj -p,5p] [p - 1 > ^ - y J 7 - 7p] TAere 0 < p < X . 

Op - 1 ^ ^ 5p ^ 7 ^ ^pl vhere 0 < p < l • , 

and . ' * ' 

AS = {X : ? = {3p - 1 ^ ^ - 5p W . ^ < ^ 5 



Exan^le ^. Find a vector representation of the point i^ch divides the 
directed segment AB in the ratio ^ • 
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Solution * , 

-|ta,-l,3] ♦jC-l.'t.Tl^ 

r- tj-- * t- 5^^ , . 

AltenxativBly, if ve thiz&. of the imrss^er as a coordlxmte of the point, 
theai for the desli«d point p » ■! • Swbstitutiiig tMs value in the espr&Bslo^ 
obtaiaed in Bxasiple 3f ve ^Obtain 



Beany la 2» * vector representati-^ for the ray opposite to BA in , 

texfos of a single parameter q • ^ 

Solution , lihe ray opposite to ^ = {X : t = ^fi + 4? \*er© p < 0 and 
p +"q s i) i Since 

' p = l- (l<0, 

therefore . * • 

• q>l . . ^ 

p5 + q;g o (1 - 4)[2,-l,3] + ^ere. <i > 1 , 

= [2 - 24 , <l - 1 . 3 - 3q] + i-^MH^ *ere ,q > 1 
= [2 - 3q , 54 - 1 * 3 + ^q] wliere 4 > 1 • 

Ohe ray%>posita to M = (X : t = *[2 - 3€ . 54 -'l , 3 + i^q] , i^iere" 4 > D • 

Exasiple jf^. Suppose S , S , and ? are the vectors whose teiminal points 

are the vertiTOs X)f a trtai^e. "^Can ne repr e sent tlie tria ngQ±ar-Tegioo^--^>e 

Interior of the triangle; and the triangle itself, in terms of these vectqrs 
and tvo parameters? ^ 
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Solytlon . We vrlt e . SB ascv^X *. J » ^ + (1 - im«PS 0 < q < 1) 
.98 la ^xs^ple 3 Bixurs^ ' ^ 

.* 

. Sov the triangular r^^om is the 
tmicm of the segBientB ^ or, 

(Y:? - pit + {1 - p)t vhere 0 < p < 1) 
- (y J t = pT-b (1 - p)t<if + (1 - q)e] 

where 0 < p < 1 eaad 0 < q < l) 

= (Y J f.= pS + (1 - p)qfi + (1 - P)(l> ' 
Tihera 0 < p < 1 ai^ 0 < 1^ < 1} . 

Bie interior of ti^e triangle ABC vill be ' > 

(Y : ? « pi + (1 - p)<iS + U - p)7 lAere 0 < p < 1 |M 0 < 4 < 1) . 

!£h& triangle is ; 

-/-{X I'f ^ ^ ^ (1 - p)^ + (1 - p)(l - q)t ^ere (p = 0 and 0 < q < l) 

or (q = 0 airi 0 < P < l) (1=^1- a^id 0 < p < 1)) • 

(W0 can yrliie these results nwre^eatly if we let r = (l - p)q ■ 
8 = f 1 - p){l - q) i IBien p + r + s » 1 ai^ the triangalar region is 

(Y : Y ti^ + r^*+ irhere p , r , and. s are xK)n-negativB ani p + r + s « l) 

Ihls fom is ea^ie^ to recfiJi.) ' 



1. 



2, 



3. : 



Find an equation of the plane ^ich has f7,-3,5] as a normal vector 
and ifeich contaiTis the point (0,0,3) . ' ' 

Find an equation of the plane vith the norjaal vector 

(a) [2,-3,1] • • ' _ • 

(h) [-2,4,-7] 

(c) T3,-5,^] • * . / ; 

(d) [-1,-1,6] 

Find the distance from (0,0,0) to the plane " i 

(a) * 2x+3y-2=5 ^ U 

(b) 5x - 3y + 2z = 8 

(c) ax + By + ca = <d 
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In tlie figure below, jc«qs1J« KOSD to be a a-aii^ensional figure. (This 
Is iamm A a tisArahedrm and has h ^faceb and ^6 edgesO 

(a) •Shoii' that the lines l^rough th^ mld^lnts^of op;i^slte edges e;re 

■ • . • .-. ^ - 

' ccmciwrent. 

(b) Stmt tbat FISttJ (|0E^ are parallelograins. 

(c) , Slu>v that the po^iit of ccmcurraicy Is the midpoint of each segmexst. 




Show that if ^^'^1'^^ and M = [{x,y,%) : + ya - p = 0) , 

then the distance betwen and ' M Is 

J-Kx^ + + VZj^ - p| . 

'I ~ ' . 

Find vector repres«rt^tion8, in term of a single paraoieter, , for the sets 
described ^eloiw, 

(a) ^ T*ere 4=ll^,-?,5] and I = [h,2,3] "V^ 

(b) ' /i wbere A [3,h,2] and i" = [-2,3)«] 

(c) m vhere A « [3,1^,2] and B= [-2,3,^ ' 
(a) bX lAere^^ = [3,^^,2] and B = [-2,3^31 

Find the vectof yepresraitatione of the midpointB and trisectioil points of 
the following''line eegments: « 

(a) ^^T^ere' A = [0,0,0] and B = [6,12,15] 

(b) AB where A ="[-3,2,7] and B = [lo',-ll,.l^] ' • 

(c) 3b trtiere A = {a^,a.^,&^] and B = Th^,b2.b^] 
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6. Ffiod the Teejtor repr^smmsi^ttiSaM of the points vUch 41vide l^e dlarected 

• » * 

segment Pft la the r&tlo ^ nho-e: 
-(a) P « -2^.-1}^ Q« r3^2,lU and |«1 / - 

(b) P - r-l,if,-B} , Q [9,-5,7] , ana I . | 

(c) f o [2,3,1] # S « [1,^2,4] , ai^ §»l ' 

9# Given the trlaogle ABC iriLte 5" = [2,3,1] , B ^ [-1,2,^ , and ^ 
C« [1,1^,-2] . 

(a; Describe the triangular region, its Interior, and tb^ triangle Itscilf, 
\2Bing these vectors axsd tvo pareas^ers. ^ r 

(b) Show that [1,^3,1] is a vector tdiose terminal point la an interior 
point of the triangle^ 

(c) Show that ['k,'^^,^6] is a vector lAiose terminal point is an 
exterior point of "Uie triangle. 

m 

Challenge Problem 

1, Given the four vectc5rs A , B , , and^ D , irtiose terminal points are not 
cstjplanar,'' find an ejgpressioji for the tetrahedral r^on ' SBCD in terms 
of these vectors ^nd three parameters. 



8-7* Sunaaary ^ 

We have extended the rectangular cTOrdinate system to 3*space and have* 
considered, the analytic and vector representations of linesj and planes in u 
Q-space« In Chapter 9 we shall consider the representation and sketdiing-of 
other curves and sinrf aces. We shall also consider two Extensions of polar 
coordimtes to 3-space, \ . ' 

We have also suggested that we imot integ^jret algebraic relationships in 
four variables in a If-spaoe, iihich may be "helpful even though we^cannot 
visualize it. The extension is, of couxse, possible to Spaces of more dimen- 
sions. We are in a position to make several ctmjectures based on our obser- 
vations in 2-space and 3-space« In 2-0pace the general linear equation in 2 
variables describes a line, a one-dimensional figure; in 3-space the general 
linear equation in 3 variables describes a plane, a 2-dlmensional figure^ 
tChus, in n-space ve might expect the general lln^u: equation in n-variables to 
describe a figure with n-1 dimensions. ' • 
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In 2-8pace are able to describe a line either by a linear eqtmtlon or 

- r 

by a parametric representation in one paJranieter; in 3-space v« still have the 
parametric representation of a line in one parameter, birt tiie alternative is 
the conaon solution of tuo llnMr equations, vhlch is a^&vard« Sane of the 
later exercises show that ve also describe regions in a plane by a para*, 
metric representation in two parazseters. Our conjecture alipit be that in 
spaces vlth enough cLlnensions ve laay describe one^dimenslonal figures id.th 
parosetric representations in one parasieter^ 2 dimensional figives vith 
parametric representations in tvo parameters, and, in general, n-dlmenslonal 
figures with parazaetrlc representations in n paramet^s. « 

Review Exercises 

r 

In Ex^clses 1 to 8> write an equation of the locus of a ^^'^t ^Ich 
satisfies the stated conditions. 

1^ A point 5 units above the xy-plane. 

2. * A point 5 units from the y2-plane. 

3. A point equidistant from the xy- and the yz-planes.^ 
h. A point 2 units' from the x-axL^. ^ 

5. A polf^N^ units from the origin. 

6. A point r units from the point (2,-l,0) . 

7. A point equidistant from the point (1,2,3) and the planl^vith equation ^ 

8. A point that lies in the plane determined by thiS points (3,1^) , (1,2,3), 
(2,2,2) . - , • . . ■ 

Sketch the graph 'of the equations in Exercises 9 to 1;^^. 

9. X + y - 1| = 0 12. X - y + E + 3 = 0 

10. 2z - 7 = 0 ' ' 13. X = 5 - It ,y = 2*^t,z = 3-^t 

f 

Ux 4 9y - 6z + 36 « 0 ±h. = = -5-^ 




In fixerclses 15-20, 'grapii and describe the georaetric representatlcm in 
' one-space and 2oS|»a,ce, ood discuss a. |K>sslble meaning in 3-space. 

15. Cx { X - 3 » 0) 18. (x I |x| > 3) 

16. {x s -l'< X <3) 19.. (x : |x| < 5} 

17. K% : \%\ - 3 -0) 20. {x : Tin - + 2) « 0} 

21. Graph and describe , , and for one space^ 2-space, and 
3-space if 6 . 

R^ = [(x,y) : |x| < 2) , R^ - ({x,y) : < 2) , R^ « R^^ H R2 - ' 

22. Discuss Exercise 21 if < is. changed to < What ge<»ietric interpre- 
tation can you give for R^U Rg ? 

i 2 2 2 

23. Graph and describe {(x,y,») : x + y -1^ 2 5 • What Is the graph if 

< Is changed, to < % ^ ^ 

. . ■ • A 

In Exercises 24 to 26, use the four points; A(*2,l,3) , 8(3,1,-^2) , 
C(2i3,-l) , D(l,-3,2) , and the four planes: » 

14j^:2x- 3y + 2^^4«0 , M2:3x-y + 22 - 3 «0 , M^rx^^ -3a + 2«0 
M|^:-x+y + ai-l»:0. 

24. Find the distance frbm each of the points A,B,c/d^O to each of 
the pleuies: 

(a) . ^ ^ (c) M3 

(b) . (d) Hj^ , 

25. Find, In symmetric form, equatlcs^s of, the lines determined by: 

A 4 

(a) (a) {V^,}L^ 

(b) {Mj^^M^} . (e) (Mg^^l^J • 

(c) {M^,Mj^} ^ (f) {M3,Mi^i 

26. Find parametric equations for each of the lines referred to in Problem 

27. Shov that the sS)ace quadrilateral ABCD , vhere A = (-2,3,2) , 

. B = (-J4-,5,8) , C = (1,1,^) , D =-(3,-1,-2) , is a parallelagram. 
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28» Shov that the medians of trlac|p.e iiSC ^ \ih)sre (O^O^O) , 

t JB » (2,1^,6) C » (-4,2,-8) , are concuxrest. ^ 

29. For idist value of a are the points (3^2,3) , {l,-J^,2) , (2,l4,5) 
colllnear? 

30« If (2,1,1^) p (0,4,-2) , (a,-2,-U) ar^ the vertices of . a triangle with 
a right angle at vertex (0,4,*2) , find a • 
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Chapter 9 

* . ' '■ 

aSJAEBXC SUES'ACES 

9-1. What l8 a Quadric Su^facef 

If you know vhat Is meany by "(|uadratlc equation, " you. might g^ess iihat 
la meant by "quadrlo surfaice^* The locus, if one exists, of a& e^y^tlon of 
the secpi^ degree In rectangular c(^rdinates for 3-s^u^e is cedled a quadric 
surfcuse . Each of these surf fuses has an liE2K)rtant property;; all plane sectlcms 
are conic^. There ar^ mpy surfaces other than quadric surfaces^, and th^e 
are more qiiadric surfaces than the ones ve sli^all^intrt^uce, Ve shall limit 
our discussion to the txtost useful and easily rec<^nl&ed ones. You will rec^-* 
nize spheres, cones, and cylinders. Some of the otiier surfaces may be less 
familiar to you", but, inasmuch as all intersections of t|iese surfiaces vlth 
planes are conic sectfons, you should have little difficulty vlBualls&lng even 
those quadric surfaces idilch /u*e nev to you. i 

C 

When ve appOy mathematlcli to physical problems, ve find that . a drawing 
which depicts the jdiyslcal relations In the problem can be useful. Our 

V 

principal aim 1^ this chapter is to develop methods for visualising surfaces 
sdtid curves in 3'Space. Such configurations frequently occur in science and 
calculus courses. We shall give directions involving only sl25>le figures and 
equations, but the methods are general and cEm be extended to isDre ^c^licated 
cases. We also shall* indicate how equations representing quadrlc surfaces or^ 
sjmce curves may be sii^lifled. 

Some ability in the sketching of geometric figures is requilfed in this ^ • 
chapter; you must make drawings of three-dimensional objects on a tw- 
dlmensional surface. Also, we shall rely heavily upon the material ^ich you 
learned in Chapters 5^ 6, and 7# ^ 

. ♦ 

9-2. Sgiieres and EUlpsoias . 

r 

Xq^ are familiar with the graph of the points In a plane at a given dis- 
tance from a given poiht, and you also know an equation of this graph. If the 
given point is taken as the origin and the given distance is k , the equation 

• ^ 
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is 



+ - 16 . 

Nov supt)08% ve cbnsider this eaxae problem in 3-Bpsce. Yoti know that the locus 
is a si^ere of radixis k , but let vis proceed as we wulfl if yo\^ did w)t know 
this. We flthall use various methods to "discover" the shape 6f this feoniliar 
su^ace. Later you will use the sa3^;®ethdd8 to find the shape of unfamiliar 
surfaces. . / 

A sphere is defined as the set of points each of which is at a given 
distance from a given iK)int. It always will be possible to sel^t this giv^ 
point (the center) as the origin of a rectaS^jgular coordinate system. Such a 
choice will simplify the algebraic repres^tation of the sjtoere, ^ 

We wish to examine the set^of point;s, each of ^ch is a distance k ^^rcm 
the origin, 0 « {0^,0,0) . For each such point P «= (x,y,2) , the condition 
is ' • 



0)^ ^ (y 



0)^ + iz - of 



or 



1^ 

(1) + •♦• 2^ = l6 . \' 

An att«^ to viBueaize this sphere by plotting points, such as (2,3,-/3) * 
(1,V5,3) , (■/2,'3,S) , not only is tedious but, even when a great many points 
have been plotted, does not reveal the sphere we eacpect. 




Fig\ire 9-1 
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It ia BK>re illuminating to exploit ^the similarity between the equation of 
a sphere and the equation of a circle* . For instance, the equation 



(2) 



4- I 16 



not only closely resonblea our equation (l) of the sphere under discussion,' 
hut Equation (g) represoits a part of this spher^. It r^nresents, of course, 
the intersection of the sjOiere and the yg-plane (x « O)^ shqvn in Figure 9-2. 
The intersection of a quBdrl,c suarface and a crordinate plane is called a tjgce. 



t 




/ 

/ 


/ \ 

^ * \ 
^ 1 

/ 1 


1 


^ mm 

; . / 

?0,0,-<») . 



Figure 9-2 



The algebraic representation 
of this trace if the sinrultaneous solu- 
tion of Equation (l) and x e= 0 . 

■ Si' 

The traces in the oraer coordinate 
planes are found by taking y = 0 
and 2=0* We show in the figure 
only those parts of tracee? which are 
in the boundaries of the first octant* 





Figure 9-3 
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^ In B(m^ probjM^ to need help in dravlng the tzmce9« In this event ve 
locate the Inteapeepts * the pdi«{^ of Intersection of the surface vith the 
coordinate Eqpiatitm (1) the values are k and ^ on each aads* 

Once %he traces are indicated, as in FigU3*e 9-3, begin to see the shape 
of the surface. Bfeit ve investigate the shsg^ of the rest of the surface by 
slicing it and lcK>king at each sli^. Such slices are caUed srotionsj they 
are the curves formed by the surface and planes cutting it. The traces, of 
c^>urse9 are special cases of sections. Let us xaake our slices parallel to the 
ay-plane. An equation of th€s parallel plane one unit above the ^Qj-plane is 
SB « 1; ve substitute f^r z in Equation (l), iwhich hi 

15 . 



2 2 
+ y*" 1 



or 



2 & 
X + y . 



We see that this is an equation of -a circle iti a plane parallel to the xy-plane, 
vlth radium Vl5 « 3.9 ^ and its 
center on the 2-*axls; ve 6dd to the 
— ngure, in the plane z « 1 ^ the part 
pf the circle in the first octant. We 
continue in this fashion,, getting a 
assul&e the values 2 axid 3 » , Each 
section is a circle, and tjie radii are 
' approxlBjately 3-5 and 2.6^', ,respec- 
tively. We have added part$' of these 
circles in Figure 9-^» ^tlimi z k ^ 
have 



2 2 
X 4- y 



f 



/ 




>rtaich represents the ^int {0,0,k) 
For any value of a larger than k 



there is no locus. 



Figure 9-k 



How ve consider sections parallel to the yz-plane, giving the same 
numerical values to x that we gave to z . Again we find that the sections 
are circles, which we may add to our drawing ilFlgurs 9-5). We might also , 
investigate sections parallel to the xz-plane if ^his appears to aid our 
visualization. 
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Figure 9-5 4 

This has i>robabIy seemed a slov and lelK^i'ed pzY>cedure to get a draving 
of such ^ familiar surface as the sphere^ but ve tope that you vlli nov be 
able ta apply the sdSse aethers to other ^uatlons In order to vHsruallse and 
draw the surfaces they represent. ^ ' ^ 

When graphing In three dimensions It Is feelpful, as It wm In two, to 
^^(vestlgate symmetry. /Rte deflnitlbns of poltxt-symo^ry and llne-i^;ymmetxy 
given In Section 6-2 hold for 3-space. but a more useful 14^ la that of 
symmetry vlth respect to a plane, A set of points S Is syntogtrlc with - 
respect to a fixed plane' M If and only If for each point P of S there 
Is a corriespondlng point P» of S such that M Is the perpendicular 
bisector of "PP* . Here we shall investigate -symiMtry only with respect to 
the coo rdinfrt?^ planes. We list the tests; a graph will be ayMMtrlc with 



respect to ^he 



xy-planei ^If, Whenever (x^^yj^^a^) 
ya-plane | 
-xz-planjjf 



Is on the grs^h, so also 

is ' T , 



If a surface is symmetric with respect to all three coordinate planes, it is 
also symmetric Vlth resp^t to the origin ahd each axis. A sphere, of cdlirse, 
meets all these tests for syisaetry. ^ 

^ When a surface is syi^etric with respect to all three ccx^rdlnate planes^ 
the part of it in any octaiit is related in all^the other octknts. In such 
esses' ve need draw only that part in the first octant, since this makes our 
draving less coa^licsted. ^ 
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The sphere w have been considering has Its center a]b the orlglnj the 



equation for such a spb^b can alvays be vritten in the for® 



2 2 2 2 
X . + y ^ % -a 



iihere ]a| is the, radius, note that the terms containing x, , y , % all 



have the coefficient 1 « 

I 

Consider the e<|aation 



_ kx^ ^ + kz^ e 100'. 



What quadric sOrface does this represent? We be^in, em3 before, by drawing the 

traces, To find the trace in the yz-plane, we let x ■ 0 inJB4uation ik), ^ 

2 2 ^ ■ . 

Obtaining ^ ^® recognize that this trace is 'an ellipse, as 

^ shown in Figure 9-6 • When we let s b p , we again obtain an ellipse. How* ^ 

2 2 * " 

ever, when yi«0,x + z "^1^; th^ trace is a circle. Again we shall 

picture oply those portions of the traces lying in the boundaries of the first 

octant. ' jphefli'e are shown in Figure 9-7. 




«o,fo.6) 

fn 




Figure 9-6 



Figure 9-7 



Now we find the^ section^'^as before; those parallel to the^xy- and 
yz-i-planes are ellipses; the ones z » 

p€u:allel to the xz-pi^e are circles. 
It is conaoon practice to select just 
one setr -of -secti^ons to - lUuminate- the 
dravlng; if one set consists of 
circles, this is the usual choice, 
y^^iese sections are shown in Figure 9-8. 



Figure 9-8 




iP, 10,0} 



161 
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T^p surface we have been sketching. belongs to s class called eUlpsolds. 
They are so named because the sections parallel to the coordinates planes are 
ellipees (or circles,^ irtiich be considered special e^es of eUipaea). 
These surfaces have equations of th'e form 

* 2 2 2 

a b c 

> 

where the numbers + a , 1 b. , + c , are the x- , y- , . E- intercepts .respec- 
tively. The stents of 4ihe axes Joining, the intercept points are called 
axes of the ellipsoid , : * ^ ' . 

If two of the axes of an ellipsoid have equal length, the surface is 
called a spheroid , because^it resembles a sphere- These are b:f* two kinds* If 
^Jhe third axis is longer than the othws as is illustrate^ in Figure 9-8, the 
spheroid is called a prolate spheiH3id and resmbles a football or a vatermeloh. 
If the third axis is shorter than, the o^her two, the surface Is called an 
Q^^^te spheroid and appears flatten^ like the eartli or a ^^Vo-Yo" top. 

When ^ = b «= c in Equation (5), we' have the equation of a sphere. A 
sphere, then/ is a special kind of ellipsoid in xmich the same sense that a 
circle is a special kind of Ellipse. Before ve conclude this section vfe should 
ask again, 'Ijmat quadric surface does Equation (4) represent"?^ Fallowing .what 
is a good general procedure, you should write Equation {k) in the foim of f 
Equation (5) and then name the surface accordiiig to the above descriptions. 



Exercises g-^S ' * . ' 

In Exercipes^ 1 to 12, discuss and sketch the surface represented. In* 
elude intercepts, traces, and the name of th^ surface. Draw several of the 
sections parallel to one of the coordinate planes, 

T *2 2 2 • ' 000 

1. X + y + 2^=^ = 25 7. hx^ + 9y + ^2 . = 36 

2. J^x^ + + l^z^ = 9 8. 9x^ + + 25z^ = 225 

3. + 9/- + 9z^ =0 9. gx^ .+ 2^y^. + 25z^ 225 
K 9% + + 9z^ = 36 10! 4x^ + 9y^ + l6z^ = ikk 

5. 9x^ + 9y^ + kz^ = 36 11. 9x^ + ky^ + 16^2 = Ikh 

6. kx^ + 25y^ +. 25z^ ^100 12. l6x^ + 9y^ + kz^ = ikk 
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* - *' . 

• V . 

13. Use the definition pf to write ^ equatlcm of & ei^ew vith center 

(*Q,yQ,a(5) «nd radius r . ^ ^ 

Show the equation :yt>u obtained In Ex»rci8f& 13 can aliiays be nrltten 

In the fora , , ' 

" P P 2 " 

X -I- y -f z -I- Dx + By + Fa G ip 0 . 

Does every, equation wtltten In this fbrm repretrent a sphere? Justify 
your answer. " . * \ V 

!$• Find, in the fbrm In Exercise 1^, equations of the sifljeres wit^ the given 
center (C) and radius (r) « 



(a) - -1, |) f r m\ 
(e) C • (|, |, - |) # ^ - I 



(a) C » {2,T3) . r « ^ 

(b) Q m (0,-1,2) , r 

(c) C « (1,3,-2)-, r ^ (f) C ^ (1.5, -.5,^5) /r » 3 

l6, Itet ermine whether the following equations represent spheres* For 
sphere^ give the radius and the coordinates of the center- 

(») 3x^ + 3y^ + - 9 - 0 



(b) X + y + 2 -. 2x + % - 6zj: 10 = 0 




(d) + y + s + 6x - 8y + Itz + 72 - 0 

(e) + y^ + i^x; - ^ + 13 " 0 



(f) X"" + y + z 

"J . 

(g) ~ 36x^ + 36y^ + 36a^ * 36x - 1^8y +*T2z + 52 «= 0 

(h) l6x^ + l6y^ + 162^ - 2l^x - 6lty + l6z + In = 0 . 

17. If A =* (1,2,3) and B - (-1,0,7) , what Is -an equatij5n of the sphere 
that has aS as diameter? . / 

18. Write an equation of an ellipsoid with x- , y- , and z-intercepts 't 3 , 
i 7 , t 5 r respectively. 



Challenge Probleaa 

1. Vrlte an equation of an ellipsoid vlth center at the point (3,-1,2)', 
and with axes parallel to tlie x- y- , and z-axes and' of lengths 1? , 
8 , ^S]& 2k respectively, * . 
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2. ,Itoint8 P . (0,3,1) $ Q - (-2,0,2) , R - (l,l,lfr) , and S - (-3,3,'2) • are 

Clnts of jsidicre. What is an equatltm of t^e sj^ere? Will any foyr 
siTinet points determtne a sjAi«*e? 



9-3. Vlhe - Paralwloid and tBe Hypert»lold , 

Mti^t Is the locus of a point equldletant frcna a giv^p point P and a 
giren^ plane M ? We shall assmse that the distance frcm F to M jla k . 
■Rie geCTietric condition tot tbfe lociis is sixrilar to the one idiicSi defines a 
parabola* With this in mind \fe let t6e lirfte through F perpendicular to M 
be the y-axls and lA the origin be the midpoint of the ^iml segmen^ fr<»n 



F' to M . Then P = (0,2,0) and the equation of M is y + 2 
required point P * (x,y,^) naist meet the condition 



(y - 2)' 



+ s 



y + 2 



2 2 

Squaring, w have x + y 



V + ^+ z =y +I^y4-li.; 



hrace (l) V 

is an equation 'for the locus* 



2 2 ^ Q 
c + z Es By 



Nov ve BOist decide "what the gi^ph of thi» equation Xixiks like/ We shalA 
use the paise methods tie applied to liie equation of the spljpre* Ef ve^, look for - 
intercepts, ve firrfi that the only intersection of the^ surface with the axes is 



the origin, (0,0,0) 13ie trace in the xy-plahe is the parabola x « 8y ; 
in the y?-plane, the )&arabola z = % . The trace in the xz-plane is \ihe 



2> 2 M 

Single point 0,, given by the equation x + z to. We notice that in 
Equation (l) y ^cannot have negative values; hence no part.»pf the su3^/afce'' ffc 
to the left of the xzrplarte. . ^ ^ ^ 

We next in-^stigate the sections parallel ^to the xE-plane. When y « 1 , 

2 2 ' ^ ^ 

we have x + z = 8 , a circle idth radius 2V^ . For ' y = 2 , we have a 

circle of radius k , so on. Thus the surface may be thx)ught of aa formed 

by a succession of circles, beginning with the point-circle and vlth radius 

increasing wilSaout limit as y increases. This bullet-shaped surface (Figure- 

9-9) is cmed a paraboloid . It is also galled a paraboloid o* revolutioQ , as 

it may be generated by revolving s parabola about its eudLs, The reflector 

usually called a parabolic reflector is really a paraboloid. 
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: \ Figure 9-9 ■ * . 

A more general equation of a paral>olid is of the form 

* _ ■ • » 

(2) , ^ + "2 = • . * 

a c ^ . 

The traces of thiS' surface in the xy- and yz-planes ^e paraboi^,^ hut the 
sections parallel* to the XE-plane are ellipses or circles, - This surfate is 
called an Elliptic paraboloid . 
W^t urn now to 4ihe equation 

• ■ , 

(3) . T^T - ^ = ' ' / . 

and find that the x- and y-ljitercepts ar^ t 2 and t 3 respectively,'. but 
tl\iat there are no z-intercepts. The tga.ce in the xy -plane is an"ellipsej in 
ibhe other coordinate planes the traces are hyperbolas. Since ellipses are 
easier to draw than hyperholas, let us make our sections parallel -bo the jcy- 
plsM^a^^'^ z = 1 ve have • 
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2 2 
X , y 



representing an ellipse very BiLfch like the one vhich is a trace in the xy-plane, 

We continue, finding that for numerically larger values of z ihe sections 

will be -ellipses with increasingly larger intercepts. This surface (Figure 

9-10) is called a hyperboloid of one sheet , or an elliptic hyperboloid . Its 

^uatlon is bf the form ^ * . 

2 2 2 
X y z 

a b. c 




(5) 



Figure 9-10 
Next we consider the equaflon 

2 2 



2 

X 

T 



4- + ^ 



25 



= 1 



/Here there are no x- or y-iritercepts; the z-lntercepts are t 5 • The traces 
in the yz- and xz-planes- are hyperbolas. Again we make our sections peirallel 
' to the xy-plane. If we write the Equation (5) in the' form 
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ve see' that vben 




'*>igiire,9-ll 



4« 



When z = 5 the section Is the point (0,0^5) I for. z = -5 $ ve have the ' 
point (0,0^-5) , For |a| > 5 the sections are ellipses, lAose axes in- 
crease as |z| increases. Thus our surface laay ^ thought of as tw SQ>arate 
piles of ellipses. It Is called a hypepboloid (or elliptic hyperbolold ) of 
tvo sheets, . 



9 



Exercises 9-3 

Discuss and sketch the surfaces represented by the ^uations in Exercises 
1 to 12, 



1. 


y + E a 


Ux 


7. 


9x* 


*9y= - 


1^6 


2. 


X + y = 


l6z 


8. 




P P 

- + 9z - 


= 36 


3. 


l^x^ + 


= l6y 


9. 


2 

x - 


P 2 
. 9y'^ kz ^ 


36 


k. 


1+x + 9z 


= lUl^y 






P P 


= 100 


5. 


P P 

9x + Uz 


= ikkY 


11. 




^2 2 
- 9y + z -= 


ll+lf 


6. 


9y^ + i^z^ 


= lUx 


12. 


2 
X ■ 


2 2 ^ 

. y + 2S - 1 


= 0 
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13. We observed that, for the hyperboloia vtoae graph is given by Equation 
(3), tlie sections parallel to the xy-plane are ellipses. Prove that 
these ellipses have the saae eccentricity. 



Challenge Probleais 

The surfaces represented by the follovlng equations are called hyperbolic 
paraboloids . DIbcuSb emd sketch them. 



1. 

2: ^ l6y 
3. 



l*x^ - 9y^ = 36 ? . 



9x B iHa . 



2 2 
y - z 



9-U. Cylinders . , j 

Equations of the guadrlc surfaces which ve have investigated have 
cofitained all three variables » What if an equation contains only t-wo 
variables? Suppose the equation is 



(1). 



2 2 
X + y 



25 



We find the and y-intercepts, and note that there are no z-intercepts. The 
trac^ in the xy-planJ' is a circle of ' t 

radius 5 with the center at 0 | in 
each of the other coordinate planes it 
is two straight lines, p€Lrallel to the 
coordinate axis* The sections pWallel 
to the xy-plane are all circles of radius 
5 with their centejrs on the z-aiis« From 
Figure 9-12 we recognize the surface as a 
cylinder. 

Figure 9-12 
I 

A cylindrical surface ^ or cylinder , is the surface formed when a line 
moves in space so that ft always has the same direction numbers and intersects 
a fixed plane curve. The plane curve is called a directrix ; the linep are 
call^ generator or elements . A part of aucjh a surface is shown in 
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Figure the curve c In the 

xy«plane is a directrix, the line 
f an element • For the circular 
cy liner in Figure 9-^2, any one of 
the circles we have drawn might be 
considered a directrix, and any of 
, the lines of the cylinder an 
elesient* 

We sh^iLl restrict oixf exaiaples 




to cylinders with elemenl^ i>arallel 
to an dxLs* In such c€Uies one of the variahles is missi]% from the equatlon^^ For 
exaxa^le, we shall consider the equation . ' v ^ 



Figure 9-13 



(2) 



2 2 
^ 9 



Let us see if we can*^how that this su3rf€UJe satisflM our definition of a 



cylinder. If it is a cylinder then 
the trace in the xz-plane, the e^.ix»e 
'with equations 



y 




must be a directrix. We select any 
point of this eliipse, say 
P a (1*-,0,V5) . We find that for 
any value y , the point ' (4,y,V5) is 
a point of the surface. All such points 
lie on the line | perpendicular to the xz-plane at ' P j hence | is an 
element of the cylinder. 



Figure 9-1^ 



Kbt all cylinders are quadric surfaces. A plane may he considered a 
cylinder, since one of any two intersecting lines in It^may serve as directrix-- 
and the other as an element. Other exan5)les of cylinders are the graphs of 



such equations as z = sin y and 
cylinders. 



y t= e . You might sketch one of these 
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Exercise s 9^*^ 

Discuss and sketch the cylinders represented by equations 1 to 10 • 



1. 


2 2 
X .+ y = 


6k 


6. 


ky^ + 9% - = 36 




2. 


2 , 2 


25 .... 


7. 


25%^ + iHy^ = 


3600 


3. 


2^2 
y + 2 = 


36 


8. 




3600 


k. 




»s 36 


9. 


9X^ - l^y'' = 1 




5. 


9x^ + hz^ 


,=-36 


10. 


2 2 
9x 25y «-l 





11, Write an equation for the :loaus of poin^ 

(a) at distance 9 from the x-axis 

(b) at distance 6 from the'y-axLs 

(c) at distance h from the z^axis 

12. Write an equation for ejewjh of the cylinders discribM below. 

(a) Axis is the x-cuda^ trace in' the ya-plane is a cirple of x^ius 3 . 

(b) Axis is the y-axis, trace in the xz-plane is a circle of radius 5 • 

(c) Axis is the z-^axis^ tr^e in the xy-plane is a circle of radius 10 

13« A line moves so that it is always i»rallel to the y-axis andv 10 units 
from it* 'What is an equation of its locus? 

ll*-; A line moves so th^ it is always parallel "to ,the x-^axis and 12 units 
I^OTi it. What is an equation ySt its locus? 

15. The circle with equations 

X + Z cU^yc^O 

4 is the directrix of a cylinder, and a line paurallel to the y-axis is an 
element. What is an equation of the cylinder? 

16. Write an equation of the cylinder with the ellipse with equations" 

'25y^ + Uz^ = 100 , X = 0 

as directrix, and a linf perpeHdfcular ^o the yz-plane at a vertex of the 
ellipse as«an element* 
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1; 
2. 
3- 



Cballerilse Problggs 
Discuss and sketch the cylinders represented hy Equations 1 to 8 . 



y 1 2 + 1 



12 



8 2 



5. 

7. = sin X 

8. y ■ cos z 



6z 



9« Vhdte an eqt^ion for the cyllnaier vith axis iwrallel to the Xf-axls, az^ 
vltb trace in the yz-^plane a circle of radius ^ and center at (0, -»2^$)« 
Sket^ the cylinder. _ / 
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9-5. ISie Ctone . ^ 

Let US. investigate the siirf aibe i^diose equation is 



(1) 



4 



9 



0 



When w lOTk for intefcerpts and the 
trace in the 3Q^-plane^ ve find only 
the point 0 »lf0^6,0) . If x ^ 0 ^ ^ 
Equation (l) b^somes • 

•2.2 
V 

the trace in the yz-plane is the union 
of tvo intersecting lines. So is the 
tra^e in the xz-plane. 
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We find that the sections parallel to the xy-plane are circles vhpse 
radii increase as |z| increases. The sections parallel to the other coordi- 
nate planes are hyperbolas. Does this sound familiar? It should, since the 
surfacfe (Figure 9*15) Is a right circular cone, lAiose sections ai*e the conies 
VB studied in Ch^ter 7. * ^ 

A conical surface , or cone , is the surface generated by a line "(called 
an element' or generator ) irtiich moves so that it always contains a point of a 
plane curve (ceOled the directrix ) and a fixed point (called the vertex ) vhich 
is not in the plane of the 'curve. (See Suj^len^nt to Chapter 7 for further 
information on the right, circular cone and its sections.) 'Here ve shall 



171 ^ 



, eonfilder only rlg^t «mee vitli vertex at the origin and the di^«ctii« curve a 
oonic section in a pXane i^rpeaidicular to one of the eoo3rdinate BXBBm 

Ad another emsvle, let us sketch 
the gra;^ of the equation ^ 

(2)- ^-^^.^-0 . 

TSie aectiona parallel to the xx-plane 
are ellipses; the con^ {Flgijre 9-16) 
is called an elliytic oone ^ 




Figure 9-l6 



Exercise 9*5 

Sketch the cones r^xresented by Sjuations 1 to 6. ^On each sketch shov 
the intercuts, traces, and at l^ist two of the sections perpenflicular to the 
axis of the cone. 



and ai 



1. 


2 
x_ 


- .2 


2 

= y . 


1*. 


2. 


' 2 

y 


2 

- z 


2 


5. 


3. 


T 


' 25 


+ ^ « 0 


6. 



2 ,2 

K' 1^ 



I 
9 



36t 



5x^ . hy^ 4- 9z^ 



0 

0 



Write an equation of each of ^the cones described in Exercises -? to 10. 

7. Axis is the y-axls, a perpendicular section is a circle vhose radiUs is 
tVice the distance from the 6rigln to the plfiine of the section. 

8. Axis is the x-axis, a perpendicular section at x = 3 is an ellipse 
''ijhose emotion ^*that plane is ^ty + 9z = 36 . 

9. Axis is the z.-axis, a perpendicular sectloti at z = 4 is a circle of 
radius 3 • 

lOt Axis is the y-axia^ a perpendicular section at y ~ 5 is an ellipse 

^ * * 2 2^ 

tdiose equation in that plane is 9x + a = lo . 
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11. 



1. 



2. 



It'vas noted that the seotlond of the .gxt^ of Equation (S.) i>arallel to 
• f. . ■ ■ ■ 

»E»rplane jare ellipses; prove that these elll]^es all have the same 




iiose sectiona 
• At X =3*1 



C!hall^e Probl^ss 

• * 

Vri^e an equation ,of a ,cone ifhose axis is -Uae x-axls, and 

perpendicular. to t^e axis are ellipses with eccentricity 

the aajor axis of the ellipse is IS « . - 

y 

Write an equation of a cone ^^ose q^s is the z-axls, and '^oae sections 

1 



pexpendiculta to the axis are ellipses vith eccentricity ^ 
the major ajds of the ellipse is l6 ^ 



At 2 



9-6. Surfaces of Rerolution ^ 

A surface that is gerierated by revolving a plane curve about a fixed line 
in the plane is c#lled a surfacfe of re\n3lutioil . The fixed lir^ is called the 
axis of the surface. Some of the quadric surfaces ve have discussed here are 
surfaces of revolution^ A sphere Is onei it im^. be generated by revolving aiiy 
of its great circles about a diameter of that circle* . ite ellipsoid of ^ 
. Figure 9-8, the paraboloid of Figure 9-*9, the cylinder of Figure 9-12, and the 
cone of Figure 9-]^ are all suij^aees of revolution. 



Let us find the equation of the 
surface obtained by revolving the 

2 

parabola vith equfiftions z ^ 2y , 
X = 0 about the y-axis. Let 
P = (x,y,z) be a point on the surface. 
The plane through P perpendicular to 
the y-axls intersects the generating 
curve at the point C = (0,y,k)*,i vhere 
k = d(C,F) I the same plane intersects 
the y-axis at the point F (0,y,(^) , 
Sinpe P must lie in this plane ori a 
circle vith F 83 center, its 
coordinates must satisfy the equsjtion 




(1) 



Figure 9-17 



+ z = k 
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^ere k Is the fadlus of the circle* The value of Is det^mlned by the 



requlreaent that C = (0,y,k) be on the geaeratiiag c 



z = 2y • Therefore 



(2) 



2y . 



Equating the expressions for k in Equations ^l) and (2), ire have 
(3) 



2 2 



J 1 



an equation for the surface of revolution. It is, of course, a paraboloid* 

^e paraboloid of revolution for liiiich ve have just found an equation 
Is generated by a parabola revolvli^ on its axis. The parabola may revolve ^ 
about lines ot^er than its oim axLsj supEpse it revolves about the z«*axls« We 
sense intuitively that the resulting surface of revoliztion Is quite jdifferent* 
Let us obtain its e^ua^ion. 

We start vith equations of the gen^atlng curve, 

. ¥ 2 

. z = 2y^'x = 0 , 

and let P'*^: {x,y,E) "be a jxsint on the surface. A pleaie through P p«rpea- 
dicular to ihe z-axLa iatereects the -generating curve in C = (0,k,z) -wherQ 
k = d(C,F) } the saiae plane intersects the z-aads In F « (0,0,z) . 




Figure 9- iS . 

-» Since P Ifes on a circle in this plane with qenter F , its coordinates 
satisfy j;he equation ' « , 

(If), x+y.=k. * 

Since k is ihe y-coordlnate of C , and C is a point of the generati^ 
curve, Ithe coordinates of G must satisfy the equation of that curve; hence 
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2k , 



and thesrefore 



Equating the eiqitt^solons for 
(6) . 



in E^piationa (3) snd (k), ve hav*e 



2 2 



k 

z * 

X 



ad an eqaatlon of our surface of reYolution. 



Since Bguation (6) is not quadratic, -Qxe Bvqrtwe is not a quadrlc^ surf aee» 
Hovever, Nn^ qan use the methods of this t 
chapUfer to inx^estlgate its sh£^«. Frott 
the equation see \tbat the surface is 
a^ynsnetric vith re^peqt to each of the 
coordinate planes* Xts only Ini^erseetlon 
iflth jthe xy-plane is the origin; the 
traces in the other coojrdinate planes ' 
are parabolas. !Qie sections parallel 
to the xy-plane have equi&tlona of the 
fcnfm . ' 



2- 2 
X + y 




clearly they are circles, as th^ 
should he for a surface of revolution. 



Flgur^ 9-19 



» Exercises 

In each of Exercises 1 to I8, find an equation of i±e surface attained by 
revolving thp plane curve about the "axis indical^ed. Sk^ch the surfac6. in 
Exercises 1 to 10 the civrve is to be revolved about its own axis, and the 
surfaces obtained are quadric surfaces; in Exercises 11 'to I8 the aads of " 
revolution is not ah axis of the curve. 



1. E = 8y , X = 0 ; y-axis 

2 

2. X = 2z , y = 0 ; z-axis 

3. 3x =" 2y , a = 0 ; y-axis 



^0 3x=^y,z=0jx- axLs 

25 , d - 0 ; y-tods 



2^2 
5, y + z 



--2 2 
6, y + z = 25,x = 0j z-sxis 
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1^ 9^ + l*y « 36 , 2 t= b ; X-axis 13. Ky^^ i^ « 1^ , x « 0 j »-axls 

8. 9x^ + « 3^ , z = 0 I y-axis lU. x^ - l^z^ = 100 , y = 0 j E-axl8 

2 2 2 
9# % - z l6 ^ X = 0 ; y-axis 15. y 1= 8e , x = 0 j y-axls 

fo, X - =: 1(X) , y =,0 I X-axis 16. 36y i =» 11*4, x «= 0 ; 2-axi8 

11. = 2x , y = 0 J z*axis 17# z = y^ , x « 0 ; z-axis 

12. X = 2z , y = 0 ; x-axis 18. z = y^ , x = 0 j y-axis 

19# curve In the yz-plane is represented by the/equations f(y,z) = 0 

BxA X ^ 0 , shov ttfat, if z > 0 , an equation >9f the surface obtained 
\3iy revolving this ciirve about the y-axLs is 



f(y , JsF + z^) = 0 



4 

I 

' * 

9-7# Intersection of Surfaces . Space Curves* 

In order to visualize quadric surfewies ve have been discxxsslng the inter 
sections of curved surfaces and planes. OMs situation is represented by Jj^e 
siii!Ultan^:>us solution of tvb equations^ such as. 

/ \ 2 2 2 

(1) x"" -h y"" + z"' = 25 , 

z = 3 • 

In this' case, by sixbstitutln^ z - 3 into the first equation, we have 

2 2 f " 

X + y .= 16 , an equation of the circular section of the sphere in the plane 

3 . This circle is 1^ a plane parallel to the 3cy-plane, has its center 

at (0,0,3) ^ and has radius ^i- , It is completely described either by the, 

first i^r of equations or, more Blwply, by the pair 



(2) . x2+y2 = l6 

2 = 3. 

But Equations {2r) represent the intersection of a cylinder and a plane. Or 
we might have j 

2 2 2 
X + y 16 , 

representii3g the intersection of a cone and a cylinder. In each case the 
ciYde vhich is the intersection of the two surfaces is the same- You might 
like to verify this by finding simultaneous solutions. (Equations (3) have 
an additional solution set.) 
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It should intuit lyely evident by nov that there are nany pairs of 

surfaces which intersect in the circle dfescr^bed above. Earlier in your 

mathenatical training you encountered thi$ situation when you described a llrie 

as the int<srsectlon of two planes, 'Biere infinitely many planes containing 

a given line, and any two of these planes Biay be used to descrtbe the line. 

/ * ■ 

Similarly, there are infinitely nany surftices passing through a glven^cu^ve, 

and this curve may be represented by the equations of any two of the surfaces 

having this curve as their intersection. Such an intersection is called a 

space curve , (it Jjl perfectly correct to describe a plane as a surface and^a 

line Eis a curve.) \ ^ ^ ' 

From the many representations of a space curve, ye' try to choose one which 
gives ufi immediate information about ttie shape and location of the curve. For 
example. Equations ('l) tell us at onc^ that the intersection of their graphs 
is a circle and lies in the plane z - 3 , but th^ do not show us the radius 
or ftie location of the center of the circle. Equations (3) indicatie that the 
inters^ion of their gfaphd is a circle Of radius k , with its center on the 
2-axls, but we do not immediately se^ the plane of the circle. All -of this 
information is available at first glance from Eqiaatlons (2); hence, this re- 
presentation is likely to be our choice from aiKjng the three suggested. 

The representation of Equations (2) is useful also in sketching this space 

- * 2 • 2 2 

curve. Recall that by elimirtating the variable z from x + y +2 ==25 

we obtained the equation 



which represents a cylinder whose generators are parallel to the axis of the 

missing variable, z . Such a cylinder not only contains the curve^ but its 

ft 

equation is ^so the equation of the projection of the curve on the coordinate 
plane. For thi^ reason, this cylinder 
is sometimes called a pro^jecting 
cylinder- - of the space curve. If the 
other variables are repioved, other 
projecting cylinders are obtained; 
since these cylinders contain the ^ ^ 
curve, any two may be used to show the 
intersection. Interpreting Equations 
(2) in this way, we think of the plane 
z = 3 as a. cylinder parallel to both 

the x-ajd.s and the y-axls. For %he sketch, we draw the pro Jetting cylinder 

p o ♦ / 

X + y'^ - 16 and show the plane 2=3 intersecting it (Figure ^-20) • 

372 




Figure 9-20 



1^ ^ 



le 1« Find sister ^puatlcms for the curve 



aplution , Itet X 



3 



1 V 

3 . 



in the first emotion to obtain 



or 



•y = 1 , 



2 2 

9 3 3 ' 



vbich becomes 



The etjrve Is an ellipse jsepresaated by 



= 1 



2 2 



1 , 



3 . 



Eattn^e 2, A typical problaa frcan caloulus could be stated as follows: 
Find the volume <^f the region in the first Octant bounded by the surfaces 

2 2 ' ^' 

jr +z + 2x = l6^x + y = i*«, and the coordinate pl^es. ^ ^' 

I 

As a start on this problem, you should nmke a reasonably accurate sketch 
of the boi^idarl^ of the r^ion. (You can find the volume vhen you 6tu(^ 
calculus^ )^ We firpt fUid the traces of iSie surfaces. One surfac^ is a 
paraboloid of revolittion and the Other Is- a plane. Their traces are shown ill^ 
Figure 9-21. These traces, altiM^th the coordinate axes, pi^vtfle us with 
all of the edges of the solid *Mcept one. This edge is the space curve which 
is the intersection of the j^aboloid and ttaj| plane x + y = 4 To find this 
edge, eliminate x frcSn the equation^ of the paraboloid anS^obtain 

(y - 1)^.+ 2^ - 9 , 

the projectJ.ng qrlinder parallel t6 the x-axis. The projection on the yz-plane 

is a circle with cenfep at (0,1,0) and radius 3 , as is shown in the figure. 
The sp£cg curve is represented by . 



373 



1>8 



(5) 



(y - 1)^ + = 9*, 
X + y = U 



and ve shall nov describe bov to locate scaoe points on.it. ^ 




(4,0, ZVS) 




(8^.0) 



Figure *9-21 



Since y is the variable appearing in both equations, we choose a jKsint, 
P y on the y-a348, anfl we draw lines parallel to Uie other axes intersecting 
the traced of '.Equations (5) in points Q and' R , as shown. We now complete 
the rectangle by drawing lines parallel to the x-. and z-axes frrai Q and R . 
^es^ lines intersedt at , a'lxsint of the space curve. Other points may be 
^ound in a similar cianner, and -when these points are joined by a siy>oth curve, 
the figure is oossplete^, 



e 3. '^etcK tfie. curve .described by 

^ * X - 2 cos t , 

y = 2 sin t , 

' E(= 2t • 



Solution ^ If ve s^pe both s^abers 
of the first tto equations and add,, ve 
ob-|ain 

p p ' * 3 p p 



. 9-7 



or 

i 

















.1 




1 

•1 
1 




1 


i 











tells represents k circular pro^ecrKtiig . 
cqrlinder of radius 2 lAiose axis Is 
the z-axls. All elemeagbs of the 
solution set ^e tidntdlned In this 
^ilnder, and.^lnee % Is directly 
jaropo^iilonaL to ^^ , we note In ' . 
Figure 9*22 that the*curve Is an ascending spiral ^'wrapping around" the • 

cylindrical surface* .IMs curve' Is called a hell:^, 

■ > ' , ' ' > ' ■ \ " . ^ 

^We might vlev this differently by. eliminating the parameter t « ISien, 

we. have . 
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f 



= 2 cos "I 



y = 2 sin 3 , 



and the curve is seen to be the intersection of tvd j^Jectit^ dyilnders "*ode^ 
, * cross-sections are sihe (or cosine) ciprves. ^ Ihe eleaients of one cylinder are 
parallel to the y-axls; the elements of the* other cylinder are parallel to the 
x-axl5» If you vl^ to build a iKDdel for this ^problem, ypu mighty use tro 
pieces of corrugated cardbo^d. : ' * ' 



Still' aiKTther vlev of tliis curve may be obtalneiLby vrltlng the equations 



In cylindrical coordinates. We shall consider this 



Exercises 




e next section^ 



1. Name and describe the intersection, of each of - tfie folloving pairs of 



equations and write for eeich a sinipler i»ir (if there Is one), 
* ft 

S P P . • • ' 

(a) . X* + y + z = l6 , ^ 

y = -2 , ' , « 
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(c) x2 + y2 = U, ■ 
z s 0 • 

«r 0 , 

(e) + = 25 , 
y " 5 . 

(f) + = 25 ^ 

Z 0 • 



+ = 50 , 



- ■ t 



X - y = 0 . ^ 

(h) + 8y^ - l*z^= 12 , 



z = 1 , 



X = 0 . 

(J) x2 + ^^ + 8z2 = 8, 
X = 0 , 

(k) x^ + 2y2 +' 8e2* J 8 , 
: y = 2 . 

iP) 'x^ + y^- - z^ = z , 



7 ■ - • 



■) 



12 2 2 , 

+ y - E = I,. » • r 



Make a sketch. of the region in the first octant bounded by the given 
surfaces and th8 coordinate planes* ,^ 

(a) Inside the cylinder x + y =50 and under the «pla|ie 
X + y + E 5= 10«. 

(b) Insi^ the cylinder y + ^ = l6 "and in the half- space formed 
by -ix + y 6 i^ich contains the origin. t ' • 

2 2 

(a) Inside the parabo!l,Qid x 4- y = ^^z and under the plane z =x >g , 

(S*) Inside the cylinder' y + z =25. and Inside the cylinder ^ 

2*2 • ' 

X ,+ z = 25 ♦ . i .X. 

\* * 2 2 2-*' 

(e) Inside the sjAiere ^ y t z ' 25 opd inside the* cylinder 

♦ pp , ' • 

y"^ + z"^ = 16 • * » • * . • 

% 2 2 

(t)- Under the paraboloid l8z ^ l^x + 9y and in the half -spaces formed,- 

by X - 2 and y 3 Vhich contMn the origin. 



3. * Pina the equations of the projecting cyllnaers of the curve ^ihose 
equations are 

2 2 2 
X + ^ ^ ^ 2 3 , ■ ^ . 

2 2 2 
x*^ + - 2s ^ -3 • 



Skeitch the curve hy making use of the projecting qjrlinders. 

A calculus i)roblem requires the student to find the height above the 

sy-plane in which the plane^ ^ 4- y x^^g . intersects the |»raholoid 

2 2 • 
z ^ X6 ^ kx - y ^ Find this height by sketching in one of ^he 

coordinate planes the trace of a projecting cylinder. 



•K ^« A calculus x>z^blem asks for the volume inside the cylinder i 



X + y - gy 



0 and betveeB the ly-plane and the upper napj^ of the 



2 2 2 1 
cone z = X -f y # Make a sketch for this ^^roblon, shoving thfe 

portion of the region in the first octants 



9-8. Cylindrical and Spherical Coordinate Systems > ^ 

)' * 

Some problems in science that have a setting in 3^spsce are easier to 
handle if they cure expressed in terms of cylindrical or spherical coordinates. 
If the Surface has symmetry with respect* to\^ 1^^^^ then cylindrical qoordi- 
nates may stu^llty the "work of the problaiu If the surface has point -symaetry, 
the use of sphe'rlcai coordinates may piwide-^ simpLer analytic representation 
and solution.' 



Cylindrical Coordinates are a coni}inatlon of polar and rectangulaar • 
coordinates* A polar coordinate system * ^ 
^ is used in one ^cbordln&te plane; the 
-axis perpendicular to this plane has a 
llne€ur coordinate systeia. A point Is 
designated in cylindrical coordinates 
. by an ordered triples We use {r,8^z) , 
as indicated in Figure 9-23. the first 
^ fwo* coordinates are the coordinates ef 

jjection of P in the ix>lecr plane, 
third coordinate is the coordinate 
tiie projection of P on tjie linear %* 
axis. In this flgure' we may verify \ihat 

■ t 





Figiure 9-23 
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ve could have gueeaedj the traasforaatlone from c^llnartcal to rectangular 

*» ^ 

form/ and vice versa^ are occon^iahed "by the aaise process we used in 

jf 

Section 2-U to relate, polar and rectangular ccKjrdinates, TOie transforming 
equations are * ' 

2 2 2 
X « ji cos $ r s= X + y 

y = r sin 6 t tan 6 ^ , lAere x 0 



X 

iZ B E 



■ 

The siimlfe eq:uation, 'r k , represents, in , cy:|.indricai coordJiiates, a 
right circular cylinder with radius k vhose axis is the linear axis. This 
fact accounts for the name fi^plied to this syst^. 

acaggle 1. Write in cylindrical coordinates the equation of the sphere 
with radius ^ iSiose centra- is afc the origin. 

2 2 2 

Solution. In rectangular coordinates* the eqimtlon is x +y +2 = 5# 
Since r^ = x^*+ y^ , the action is written r^ + «5> 5 . ' ^. 

Exaflgle 2,. Transform to rectebgular coordinates and identify the surface 
\Aiose equation in cylindrical coordinates is 3r cos fl + r sin 0 ^- 2z *= 0 . 

solution. Using the transforming cquati|p, ve obtain 3x + y + 2z • 0 , 
the equation of a plane* 

ExBHgle 3. connection with the helix in Exangile 3 of the previoufl^ 
' section, we suggested a solution using cylinarical coordinates. We vrlte fi 
in place qf t , iise the transforming equations, and square as Ijefore, 
obtaining 

^ + y^ = H cos^ e + 1^ sin^ 6 , 
= Mcos^ e-+ Bin^ 0) , 
or _ r^ = 1^ . 

Since r = 2 has the same, graph as r^ = 1* ,^ ve obtain a simple expression 



for the helix: 



1S3 
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r = 2 
r 20 • 



l^lude this helix is a constantly 
ascending spiral around the £-axls, 

can locate sos^ qf its points by a 
device ve might describe as fixipg 
"rifes" to a " spine" ^ or of locating 
steps on a spiral staircas^ TSxe 
z-axia vill be the "spine" to ^*ich 
the "ribs" are attached. (We are 
us^^ a condensed scale on the z^axis 
to save space* ) 
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We first Ipcate a point at (2,0,0) as showi In Figm-e* 9-2l|'. Wh«i 

0 = "I / we have rotated to a point one-quarter of the vay around the "spine", 

apd we have ascended a distance n . We fix a "rib" to' this point. We might 
next stop at 9 - n and fix another point. This process can be continued as 
long a^ desired and the points may be connected by a aiaooth curve to sl^etch a 
portion •of the helix* 



Another useful syBitem for locating points in 3-sifece imnolves the use 

of spherical coordinates . In this syst^em the coordinates of a point P cure 

determined by assuming a polar coordinate system in the plane determined by 

the point P and the z^axis. The 
^positiv? half of the a-axLs Is the . 

polar axis and the positivfe sense of 

the polfiur angle is frcnn the poleS: axis 

to ray OP • The polar distances 

d(0,P) is denoted by p and the 

measure of the pol^ar angle by $ • In 

the :?y-plane the usual system bf polar 
\tngles is assumed. The projection of 

P. in the xy-plane determines ^he 

terminal. side of a polar ^ngle of 

m^sure 6 • Th^e thi^e nus±>er8 repre** 

sent the jKDint P and are called the 

spherical coordinates o^ -P T^ey are 

written as an ordered triply, usually as (P,0,(J>) • In Figure 9-25 this 
system is used to name the point vhiph in rectangular coordinates would be 

p « (5c,y,z) • 




Figure 9-25 



9-8 ' ^ ^ 

In order to relTate spherical ccK)rdlnates ssA rectangular csoordinatyBS, 
we obtain (from Elgure 9*25) the following relations: 

X =: a{Q,M) = d(0,Q') ck>B e ^ p sin ^ cob 6 , 
y a aCOfU) = a(0,Q) sin e = P sin $ sin © , 
2 » P cos $ • 

The derivation of the eijuations for relating spherical coordinates anff 
cylindrical coordlMites is'tleft as an exercise, 

♦ • — * 

' ExaEOiPle Write in ^herlcal coordinates the equation of the sifiiere 
with radius whose center is at the origin. ^. 

Solution* Since P 'is the distance from the origin to appoint, ve 



; obtain 



■ > 



This 8 ii^ple* equation form, P ^ }fi , for' a sphere in spherical coordinate 
accounts for the name applied to this systoiu Compare thlS'Vlth r = k in ^ 
cylindrical coordinates and r =: k in polar j coordinates. % 

Exanyil^ 2, Transform to ^Jjjlangular or cylindiiical coordinates and 
identify the surface whose equation in spherical coordinates is P sin ^ = 3 

Solution *. We square both members and obtain 
^ P sin 0 = ^ • 

2 2 

Multiplying the left member by 1 ^ (disguised as cos 6 + sin 6) , we have"" 

' *: I * 

P * -P 2 2 2 ' 2 * 

P sin cos e + P sin ct) sin 0 =*9', 



vhich in rectangular coordinates is 4 

^ ' 2 ' 2 

. ■ ^ 
In cylindrical ooordinates ve "have simply 

- 

- r = 3 • 



This Is the equation, of a right circular cylinder vith radius 3 whose axis 



is the 7.-axis. 



135 
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4 ' 

It may come bs a surprise \Aen jrou r^ize that very likely you lis^ 
spherical coordinates before you knev what thqr vere. In terms of the position 
' of a. point on the ^arth, 9 Is the longitude^ 90^ - 0 Is the latitude/ and" 
(assuming the earth Is a sjihere) p Is the earth's radius. 

* 

Exercises 9*8 . 

1* Derive transforming equations to relate cylin^irlcal coordinates and 
sph^lcal co6rdlna1ies, - 

2* Write the rectangular and the cylindrical coordinates of the jKiints 
whose sjAierical coordinates ara^ 



(a) 






(3,0,f) . 


(c) 


(2 - -) 
* 2 *2 * 


(d) 





3# Write the rectangular and the spherical coordinates of the points lAose 
cylindrical coordinates are 



(a) 






\ 


(B) 






p 


(c) 








(d) 









ht Write the cyllnarlcai and the spherical coordinates of the jxjlnts vhose 
. rectangular coordinates are 

(a) (2,3,0) . * 

(b) • (0,6,3) . , 

(c) (2V^,2,V-. 

(a) (^,1,2) . 



\ ■ 

4 



i 
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5. Transfona the foUcrtd-Bg equationfl into cylindricjjBa coordinates and Into 
-spherical coordimtes. ^ ' 

'-■**■•' . " ■ ■ ,■ 

(a) V + - 25 . , 

(e) ^ * o 8x . 

(a) x^ + y^ = 3^. -f 

6. Transform the following equations into rectangular cc^rdinates, 

, (a) p = 6 , 

(b) r t 6 , 

(c) E = 6 + r , ^ - '-i<> 

(d) = 9 - . » 

7. ' Ideptlfy'and describe ^ch of t^e following surfiaeei^. 

fft) r = 3 • 

(b) 0 » f . " 

(c) + = ; - 
, (d) * ^ • ' ^ 




(e) P COB 7 • 

(f) E ==.r cos 0 • 

is) E = r . • ' " 

(h) r = 2 sec 6 . » — — ^ ^ 

8. A clrcufar cylinder of diari^er k vLntersectB a^ sphere of radius h so 

that an element of the (^llnd<sr co^ghX-aB ,a diaaeter of the si&ere. ^ 
Choose axes and vrite equations-^ the bounding surfaces in 

(a) recrtangular coordlnatcis, ' ^ ^ 
^ (b) cylindrical coordinates, and 
(c) spherical coordinates. 



9-9, Si^nnaiy . \ , 

Dur work in this chfi^rter has been lindted^to the oost ijaportant and 
faaUlar quadrii surfaces, and we have lo«^ted the coordinate axes so as to 
get 8iii3>le equations for them. Students who have enjoyed this work may .like 
to pursue it further by lookfng up such topics as rul^ surfaces, hyperbolic 
I^aboliids, curves in space, and surfaces of higher ^der. 
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Our objective here has been to develop nethodB -^Thelp you vlsiiallze 
surfaces and curves in s|^e« !BiCt^xi£ethods ve have u^^jry^eneral, and should 
be of use to you In visualising or sketching^ parti oi2|^ly in your work in 
oalculuB snd .its appllcatlons» 

Surfaces in space are .represented by one ^piatlon^ 'fCx^y^z) = 0 j for 
quadric surfaces, the* equation is of the second degrrc, "Curves in spac^ 6re^^ 
given by the intysedtlon,^ tvo equations (or three in parmetric form), 
f(x,y,z) =5 0 and g(x,^,2) « 0 • The ijoo^ ln5>ortant curves for sketching a 
surface are the traces and the sfectlons parallel to the coordinate planes. 

The surfaces have studied include th^ cone, cylinder, sjiier^ and 
ellipspid, elliptic paraboloid, and the hyperboloid, A cone is generate^ by 
a line moving, about a Una with one point fix^, a cylinder by a line moHng 
parallel to a fix^ 1^^, aUd a surface of revolution by a plane fturve r^volv- 
ipg about a lihe in the plane of -Uie curve. For the limited cases ne have 
studled,^ the quadric surfaces siay be identified iy their sections parallel to 
the coordinate plants ^ follovs: ^ ; ! ^ 

9^adric Surface • S^tions Parallel to Coordinate Planes 

Cone Conic sections. Including degenerate cases. , 

Elliptic or circular Central ellipses or circles, parallel lines, 

cylinder ^ or a line. ' , 

^ ' Sphere Circles, including p^int-clrcle. 

EUJLpspid ^ ESLlipses, including circles and,points» 



'Elliptic paraboloid ParaboJ.as and ellipses, including circles and * 

J • poln^. ^ 



Hyperbolold • EOlipses, including circles and iKilnts, and 

^ hyperbolas ^ 

^ In sketcjjlng \ mirf^e]^ "f (x,y,z) = 0 , it Is suggested that ^information 
^tbout' it be obtained and placed on the graph in the following order: ^ 




!• Intercepts Set two of the variables ^equal to Eero 4nd. ss^ve the 
-^resulting equation for the third variable to find the 
intercepts on each axis. 

2* ^^^^^^ ^ ^^ -;Jie4^he vartsbles equal zero, cmB at a t^^to find the 
' ' equations of the traces - the sections In the coordinate 

I planes. 



3« Sections Let z ^ k , \rtxere k Is a constant^ tO'ilLnd the sections 

parallel to the xy-plaae^ for exaiaple. You can build up 
^ sketch of the figure by using enough different values of ^ 
k • For this jpyjacT^se, select the sectlcms easiest to drav* 

Jfe determine ^syBBaetty wtth respect to the xy-, yz-, or xy-plene by 
checking that the eijuation of the surface is unchanged vhen , -x , or -y 
is substituted for z ^ x or y ^ respectively. Knowing tlie syxraaetries of 
a surface helps in, identifying it and sketdblni^ it< Vhen a surface is sym- 
xaetrfc, ve oft^ draw only the part in Hie first octant. 

Certain curves which are the Interseetion of t^ surfaces were studied. 
In addition to Using intercepts and traces,- we used projecting cylinders to 
help us visualize and draw space curves. 

"•Finally, cjllndrlcal and sidierical coordinates w«re Introduced^ other 
w«ys ,of describing the location of points in space. ' ~~ 



Review Exercise 
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M.SCUBS and sketch the surf aces represented ty the equations In 1* to 20, , 

1. + 9jr^ + i6z^ = lUk ' 11, 9x - i*y^ = ,0 

2. + 5y^ + - .'*5 = 0 ^ 12, 36y^ + g5z^ = 900% ^ 

3. ^ i6e = + « 13. -l6x^ + 25y^ + 1^2^ = ^ 

If. 36z = + %^ Xk, y^ + =-100 

9 ? '2 2 2 '* 

5. 25x + lOOy = kOOz • 15. x, + y + z - 2x-3=0 



= ikk i6. 25x^ + 25y^ +'25z^ = 0 

7. 9x^ + 9y^ + 9z^ -' l6 = 0 17. l6x^ - 9y^ + 9z^ = 0 

8. li-x^ - 9y^ + Ifz^ = 36 18. x^-l-y^ + z^+ Bx -6y + 10z+3l^ = 0 

9. h^^ + 9z^ = 36 • » 19. 'Sfix^ + 25z^^ = 9(X). ' 

id. kx^ - 9^^ = 36 20. ^x^ - 9y^ - 9z^ = 0 . , 
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^v!^ Discuss and sketch the surfaces described in H^erclses 21 to 38 , Write 
an*^>^atiou/for each startles l^^tify those ^hat are wt tmsBAs 

2]^ A sph'fere centered at the origin vlth radius^ 10 » 

. 22* An ellipsoi(i^ vlth axes -of lengths 12 , IQ , aiicK 8 • 

23* A circular Cylinder vlt^ radius ^ and axis the x-a3c;ls, 

2km . A prolate sj^erold vlth axes of lengths k and 16 « ^ \. 

25# An oblate sj^aerold vlth axes of Ifsngths^ k and 6 « 

A cylinder vlth %he y-axis as its axi^^ and its Aprace in the x^-plan^ 

2 2 

the ellipse vlth yequat ion 25x + 162 = iKX) , \^ ^ 
27* The surface obtained by rerrolvlij^^t^^ vlth equations ^ 

* . \ i6x - 9y ^ 1^ , 2 = 0 ' about the y-axls. • ^ ' I . 

The surface obtained by revolving the curve wltli 'equations x = , 
y =''0 about the z-axls« , { *^ 

. 29« Hie surface obtained by revolving the curve vlth equations 2 = ^y , 
X = 0 about the y-^axis- * 

*. 

30. The surface obtained by revolving the curve vlth equations 

* 2 ^ 2 ♦ 

25x - 3oz ' 900 , y = 0 about the x-axls. 

31. . J?efer to Exercise 27, b«ii? revolve about the x-axis. , 

32. Refer to Exercise 28^ but revolve ^put tfie x-axis« 
33» Refer to Exercise 29, but revolve about the z-axis. 
3**^* Refer to OKxercise 30, revolve about the z-axis« 

35. 1*e surface obtained by revolving the curve- vith equations 

2 2 s* * - 

^x - l6y = 0 , 2=0 about the x-axl^. , • 

36. Refer to Exercise 35, hut revolve about the y-axis. 

37 • The surface obtained by revolving the line "vt^i¥**equations x =' 2 , y = 0 
about the z-axls* 

38, Refer to Exiercise 37, but rfevolve the line with equations x =? 2z' , y = 0; 

39. Write, an equation for the locus, of poihts 10 units from ^= (3,-2,1) • 
kOm Write an equation for the^locud of points 5 units from the y-axis. 
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kl. Krlte an equation for the locus of points equidistant from the plane 
X «> 0 and t^e point {6,0,0) • 

k2» What are the grecj^ of the following equations? 

2 2 2 - 2 2 2 

^ „2 .2 ,2 „2. ,S' 

-2-22 222. 

(h) ^.|..f5«o • 

2 2 2 ''222 



if3. Points A and B are U units apart* V^te an equation for the locus 

of a point the sum of \diose distances from A and B is 6 • Sin^llfy 

V the equatloni sketch the graph^ and 'identify It. 

^ ^ / ' ^ ' ' 

Follow the same instructions m in the previqui exercise^ but let the , ^ 

difference of t^ie distances be 2 • ^ 

« ' • ^ < . ■ ■ 

A pencil vith a he^xagonal cross-sectlcte is sharpened. Describe the space 

curve vfaich you see as the edge of the painted surface of the p«icil. , 

f 8 

/ ., 

A cube having/edges 1 unit In length has one vertex at the origin «aiid 
three of faces each in one of the coordinate plan^es* A plane ^ 
containable mldi^int of the diagonal of the cub^*froif^the 'ortgih and is 
perpendicular to the diagonal* Find the sections of this plane on the 
faces of the cube. What kind of figure is this set of sections? ^ 

1+7. Sketch the intersection of the surfaces 

in the first octant, using projecting cylinders. 

1^8! Jn each of the folloving cases, classify the glv^ surfaces, find the ^' 
projecting , cylinders of the curve of intersection, and sketch the curve. 

5 



• ... (a) + 3y^ + - 8 , 3x^ + - = 8^ . 

(c) + + z^ = 1 , + + = 5 . 

(d) X + y = z , X + y =h . 

» * 
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*9»' Sketch the solid In the first octant bounded by the given stirfaces and^ 
the coordinate planes. 

(a) + 2^ » 1 , y = 2 . ^ • »■ 

(b) ,y » X , zsb X -^.y , X « i . ^ . 

(c) X + = 9 , z « y , e = 2y .'g 

-_. U) -^^jLj! - 36 , x^ + z^ „ 25 . y^' 

50. Express ^ch e<^tlon In tranas of two other ccxjrfiinate- systfrna, •( Assume 
that all relate to S-space.) w 



(a) a » 5^ . , . (g) ' - y* 16 , 

(b) x*" + y'^ = l^x » (h) t ^ 2 COB 6 . 



Cc) r = 7 . (i) P's'ln^ <|> • 2 cos « , 

(d) X +y + z = 25 . A (J)- ^ sin * = 3 . ' " 

Ce) r . + = 9 . • ' (k) x^ + y^ . ^ , .. 

(f) ^ COS $ = 6 , Xi) /(►^sin e COS 0 o cos 0 . 

* *" , ' " . * 

Challenge Problema 
Describe and s&etch the surf aqes represented by Equationa 1 to 6 . 

1. z ^= sin y ' l^x^+9y^+^6z^ + 8x- 514-y- 72b cs*g;3 

2. y =^co8 X ; ^ . 5- - hz^ + 2x + ^ + 8z « lb 

2 " ,2 2- 



1ft 



1 



J) 



ERIC 



3&r 



■ i 95 



10-1 



Chapter 10 
GEOMETOIC 'TOAESSFCRMATICNS 



10-1. Why Studyi*Geometrlc TransformatloiiB ? 

In pteVloua chapters you have had 'consideral>le experience in relating a 
graph, and its analytic representation, pecaiise'of their importance, conii.^ 
sections vere giv^ very careful treatment. Despite thia en?)haslB, you may 
have. noticed that, witji the exception of the tircle, all the eonlcaj-you 
sketched" had thei^ centers, foci, vertiq^s at the ortgin and one or botti^ 
the' coordinate axes as axes of symnetry. ^ .,. ** ^ * 

- However, in vario^Ls studies vhefe the graphs of the equations 3f cAiics 
. (and- other /curves) are of ingxjrtance," one encounters more coniplicaied analyfSv- 
representation of these curves, y Consider, for example, the .following pair» 
of equations: ^ 

(1) + y^ + i(jt - % +'*^ = 9 , + y =p ' • * 

(2) - y^ - hx- 6y - 30 = 0 ., x^ «- y^. - 25 ; ' ■ . ^ 



( 3) y^ '- X - 6y + 11 =^cr , y^ = X . ^ . ^ ' ^ " . 

^ '"if you went to the trouble of graphing all,, six of these equations, y«^ ' 
W0UI4 find that each pall: of equations represepts^a pair of congruent grappa. ^ 
They differ only in their plaSen^nt with respect' to their coordinate axe8^_ 
If one is' interested^in geometric properties of suih' grains, if is clear that, 
the second equation of each pair is simpler ^o analyze and -will ^te.readlly 
yield Information regarding Intercepts^ symmetry ,-asyraptot6B, etc.',; ^elativ^ 

«to its coordinate system., * , - . 

• It is one of the purpo64s of this- chapiter to show how, we can relate such 

'a complicated equation of a curve toe simpler equation of the same curve 
represented in a different coordindte systepu The. operation which performs 
»thls task (aLong othei^s) is commonly referred to afe either a "tranaformatlon ^ 

• • • * 

of axes'' or a " tran^ormtlon of cMsdinot^s " . 

J 389 • - ' ' - 



In this cha;^ef ve will consider two types of transformations which 
a*oinplish the purpose just described. The type we treat first (in Sections 

/2 and 3) is one vherein the operation is performed on the^axes and tHe graph 
under ^tudy renains fixed^ We then turn our attention (in Sections 5 and 6) 

"^to the type ^erein^ the operation is performed on the points of the curve 
w^iile the axes remain fixed. We refer to the latter' type as a point t;ransr 
formation. ' ^ . • , ^ 

Our task takes on one of two aspects. We iimy he given a relationship 
between tjie coordinates of P = Cx,y) on a curve C and the coordinates of 
P* = (x%y»> on a curve C» and then investigate the corresjKjndence between 
C and ej» On the other hand, the converse is considered: Given two curves 
C aiM C» and some correspondence between them,' ^^investigate the atoner in 
which the coordiWte^ of any point P = (x,y) on C are related to the 
coordinates of the corresponding pdint P* - (x^y*)" <Ai . 

In the cases of the three pairs of equations presented earlier, the ' 
correspoilding curves were actually congruent and the point corrfespo^ndence wafi 
one-to-one. In other ^cases the corresponding curves need not be congruent 
although there may still be significsuit relations between them. For example, 
in -Secl^on 6, you will encounter a correspondence between a straight line and 
a circle\pder a transformation called an inversign, ^ 

^ Certain transformations preserve geometric properties such as the m^sure 

of di-etance between points on the original curve, .the measure of angle between 

two lines, the order of points on a line, etc. while others^ do not preserve 

these properties. Discovering which geometric properties are invariant (do 

ii?t change J under a Set of transformations ^.s of ' sigjiificance to the advanced 

students of geometry because"* these properties help them to classify the large 

number of geometries which have been created* ^his topic -^s discussed in 

• ^ * 

Sectfon 4. . * • ' 

♦ ' * « 

We may al'so speak* of the properties of a transf ormaWon. An importa:nt 

"transformation we shall me^t In Section 6 has th^ property that it preserves 

meetsure of angle but not necessarily meeiaure Sf distance* Trans format ions 

wt]jlj.ch have this property are called confornal and have many applications in 

science. , ' ' . . 



. ♦ 190 



10-2. Translations. 



Suppose we have a curvQ in the c9ordinate plane and an equation of the 
curve. Let us considdl: the problem of writing an equation of the same cui-ve 
I with respect to anbther pair of axes, llie process of changing from one pedr 
• of axes to another is called "transfoinnmtlon of axes" or ''a transformation of 



coordinates" as stated earlier. 



(hxe of the most useful, as well as simple, transformations is one in 

which the new axes are shifted in such a way that they rem^n parstlle^ to' 

their original positions and oriented in the sazoe direction. Such a trfiuiS- 
• • » 

formation is called a translation . 

TSEQRM 10>1 . "Given a coordinate system in a plane wi^h origin at 0 . 

The axes are then translated so that^the new origin is at 0* = (h,k) 
If (x,y) artd (x%jr«) ore the coordiftates of a point P when 
referred to the original and new axes respectively, th^n x^ = x - h. 



and y** = y 



P'=(x*,y') 
; P={x,y) 



I y 

I" 




" Figure L^H^ 
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Proof . Let P*= [x,.y] , 0* = [h,k] and P' = [x',y'] . 
(1) P = 0» + P« . > / 

^ -J 

\ (2) [x,y] - [h,k] + [xSyH ^ ^ ^ ^ 

(3) nius . j ^ x« +*h / , 

(y ^ y» 4- k . ' . (Wf^?) 

If 'ye solve these equations for *x' and y* , we 'obtain the "Inverse f orm :^ 

(li) /x'=x-h ■ ..I 

\r = y - k : N 
. • • . ^ ' 

We shall refer to the* Equations (3) (^) as the ectuat^ons of translation 



\ 



, ' Exangjl'fe 1, Find^Re new coordinate^ of the points, P.^ = (-3,3,f , 
= {*,-2-) if the origin is ilbved to (-3,5) • 

Solutlbnt/ Since h^-3|k-5, the equation^ of translation arcf: 

^ / X' = X + 3 ' • 

Applying these equations, we see that the point = (-3|l)-now has the 
coordinates (0,-4) , and = (^,-2) now has the coordinates (7,-7') with 
respect to the new axes. 



• 

f 


y 1 X 
|o' = (-3,5} 

1 ^ 
1 * 
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Figure. 10- 
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Consider an equatloa of a curve f(x,y) = 0 . By^the equations of 
. translation, the coordinates x and y are transformed respectively into 
x' +li and y» + k . "ffhus" the equation fU,y)' = 0 changes to • 
f(x» + h, y* + k) .= e . The'^'tvo equations represent the same curve since the 
point P(x,y) vhose coordinates satisfy »f(x,y)'= 0 is the same as the point 
p» _ (x»,y') ^ose. coordinates satisfy f(x'-+ h , y* + k) = 0 . 

TOVillustrate this, consider the line ' I \n Figure 10-2 passing thrdugh 
the points P, and P„ of Example 1. The equation of line I is 
3x + 7y i+ e - 0 . We now replace x by - 3 and^ Y y' + 5 and the 

■ equatidn of I Is now 3x' + 7y' ^'28 =-6 .. We note that the coordinates of 
points = (0,-l4f)' and P^' = (7,'-T) satisfy this last equation. The nev 

equation 3x' + Ty' = 0 represents th? same Une, with respect to the^ 

new axes, x' and y' , with the nev origin at 0'^= (-3,5) . • 

E34t^le 2. Find the ecjuation of the- circle + y^ + lOx '- Uy + If - 0 
aft«r a translatioa. mwes the origin to the point (-5,2) . 
^ C ' 

■ S olution ; 'The equations of translation are x = x' - 5 , y = y ^ ' • 
Substituting into the aquation of the circle, ve have # 

- 5)* + (y' +.2)2 + io(x' - 5)'^ My' + 2') + = 0 . . • 

If we expand 'and cpllecf terms, our equation simplifies to x'" + y'^^ = 25 . 
fWe infer iinmediate'ly that the, circle has a radium of 5 vmits and th^t its 
center is at 0' = (-5,2) . If you were to find th? locus (or graph) of the 
original" equation, you' would discover that you had precisely the same circle. 
^ After doing .this, you would appreciate t^e advisability of translating the . 
^es.' • Ifote trh^t the principal dlf f erer^ce in the two equations Is that one ^ 
contains fir^t degree terms and the other does not. * 



• 



■■ The basic question -Is: How do we know wh'ere to pla<?e t^je new origin so 
that a co'mplW<a ^^-'^^^^^ *° ^ simple one? This method Is illustrat 

ed In ExninpVe \. * / ^ 

J ' : 

• Example 3. Translate Ihe a^es^that the equation of the^circle 

' ^ / ^ 'lOx - !+y + h =^ can fe written in a form wtilch contains no first 



de^^G term. 
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Solution: 



Y 



ii) ^Vfrlte^^ilie equation in the form + lOx + - ky = -h and 
coi^^ete the squares as follows: 

. (x^,+ lOx + 25)-+ (y^ - V +^J*) = h + 25 - k or 
(x + 5)^ + (y - 2)2 ='25 . 
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(2) If we let x» = X + .5 and y« = y - 2 , ti^ last equation becomes 

1 (/^* =^ ^ + 5| , 

(3) We note that the equations V - | the equations of 

« y* - 2 I 'V 
translation to upv axes with the origin eA (-5,2) . 

* 1 

To show the wider applicability of this method 1-1 et us do one more * .-^ 
example: ^ * "* 

^, • Example ,^!!. Graph the.cuiVe kx^ - 9y^ + l^Ox + ||jr 28 ><i , 

SoiutiOnV > <^ I J ^ 

(l) Revrite the equation in the 'folloving form s4 that ve can use the 
^ method of "conrpleting the>fequare": jl 

• , ' Mx^ + iox)<- 9(y^ - ky) « -28 .4;j 



Ik 

(2)^ Completing the square: 



I k{x^ + lOx + 25) - 9(y2 . hy k) = -28 + 100-^36 

' or hix +\^f -/9(y - 2')^ = 36 . V 

* (3)- Substituting x^'- x + 5 and y ' se y — 2 . ve ha'{^e 
« 

lix'^ - 9^"^ - 36 



y' 

or — — - A— - 1 . 



' f2 ,2 
X* y» 



s 
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^ We recognize this curve to be a hyperbola with center 0' = (-5,2) . * Thip 
curve can now be drawn by using the methods discussed in the earlier chapters* 




Figure 10-3 - 

The translation of axes can be used to simplify equations of curves othet 
th£ui conies, -bj^t at tills ppint we will restrict our discussicJns to su$h curves. 

We will now generalize the above: ' * . 

% V 

" (l) . A circle in the form (x - h) -f (y - k) = r can be 8lii5)lified 



to 



f2 ,2 



(2) An ellipse in the fori)». 

. ,2 " 

a b 



can b€ simplified 



(3) A hyperbola In the form " - 1- c^n be sinrplified ^ 
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to 



2 * " 2 

i^4-) .A pairabola in the form (y - k) ^ 4p(x - h] or (x\- h) =-y^p(y-k) 

2 . 2 < ft 

be simplified to *y' ^- 4px' or x' = 4py' respectively. ^ " 

(5) The equilateral hyperbola (x - h)(y k) = c can be slnipllfled 



to x'y' 



r 
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■ i : V 

All of th^ above cem dope by translating tHe aaes to a new origin at 

0» =»(h*,k) by use of ttie equations of translation ^ ' 
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X = X* 4- h 

y = y* 4- k . 



Exercises 10-2 



1. Write the equations ot translation vhich cliange the coordirAl^jes of 

A = (2,1^ to (5,8) with respect to a new origin 0*^. What are the 
coordinates of 0* with respect to the first origin? 



2* iDeiermine the tquation of the burve represented by 
, , 2x^ - y^ - 12X*- +,12 = 0 if the origin is translated to . 

f = X 4- U 

3. Given the transformation. | - ' . 

/ y* = y 6 * i 

•What ■effect does this trsuisformatlon hsive when it is applle^j^^ the 
curves:' ' _ 

(a) X + y = r ? ' . • ^ 

(b) 2L - y- . 1 ?, . . - p 

.. . a b 

^ ' \ "* « ' . . 

1*. Points A = (1,0) B = (5,-2) , and C = (3,1^) are vertices of a — 

right triangle. Find the coordinates of these points if the origin is ^ 

n^ved to 0* =: (-^,-2) b^ ,a .translation of axes. Using the new ■ 

coordinates giver two proofs that an observer at 0* can present to 

de^?<Snstrate that AABC^ is a right* triangle. ■ ^ ^ 

'5, Transla"^e the axes so •that the equation of the curve ^ 

- x^ - y^ f lOx + 4y + 5= 0 can be written in a form containing no first 

^ ' / degree term§. Indicate the equations of translation, draw both sets of 

•* f 
axes^ and sketch thew'curve, ' 



P P 

6. Given circle -.Q : x 4 y = 25 . ' Find the coordinates of three points 



bs of A , B , and 



A ; B , and C on^his circle. . Then find their co^krdinat^s if the 
origin is translated to and the equatiDn of the circle, 

with respect to p*' • Verify that the new coordinat 
C satisfy the transformed equation. 



7. A line E has the equation .3* - '2y -^5 «s 0 .. Draw the line. The axes 
are#th^ translated twice 1^ suqcessjlon in accordance with the equations' 

!x.=* x' + 7 K ( + ^ 

• followed by (2) ) , 
y = y' + 2 . (y* = y" + 5 . ^ 

Find th& equation of L with respect tcf both the x'- and y'- arid 

x'^- and y"- ax0s» Then find the equatio^is of translation which would 

perform both operations ht on^. What would be the effect of commuting 

translations -fl) and (2X^-. - 

B. Sketch the curves after performing a*cohvenient, t'^anslation of axes, 
lil^^icate the equations of translation and draw both sets of axes. 



(a) y^" . 6y . 12x . 3 0/ 

' (b)^ 3x^ ^ - Cpc + 8y - 5 = 0 • . . / 

. s - 2 . - ■ • .> • ^ * f 

(c) 2x^.+ 6x - 3y + 12 = 0 • 

y • ■ ' ■ 

id) Cx 4 3Ky - I*.) - 12 = 0 ^ 

(e). (y 4 2)^' (x 4 2)3 . • 

9. Derive, the equations for the translation of axes with the new origin at*^ 
= (kh,k) without thg u«e cf.'.vectorsv \ 



10-^* Rotatj^on of Axes ? Rectangular Coordinates , 

We next consider a notation of a rectangular coordinate systeiE C - Wfe, 

introduce a new coordinate systCT C* whose origin coincides with the origin 

of C and whose axes are obtained b|r rota"3|sig the axes of C throxagh an 

angle a • Ttiuat a- is ism angle in "standard position whose l*i;iitial side is 

the positive side of the x-^is and w^se terminal side is the positive side 

of the x*-pjcis. Once agal^ we want to discover the ^^latio^ishl^ betweezl^the 

coordinates of a point P in C and the coordinates of the ^an^ point in C 

■ I? 

The presence oi the angle oi suggosts the use of polar coordinates. We 
consider the s^tems of polar coordinates a^ociated with C and by 
letting thejKDlar axes be^'the positive sides of the x-axTfe and the xi-axis. 
ThUB^ as we have seen in Chapter 2 , if P^^^^ the pointy ir,B) in the polar 
coordinate systs^vhose polar axis' is the positive gide of the x-axis, then- 



/ 
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10-3 Y 
(1) 



X - r cos 6 
.jr « r sia 6 



/ 




>^ ' Figure lO^k 

However J in the polaaj coordinate gystero ^rt^se polfor axis is the positive side 
of the x*-axl8, P is clearly the point (r,© - a) . .-Therefore, 

= r cos) (B,- a) = r (cos g cos a + sin Q sin d) 
^ y« = r sifa (e - a) = r (sin 6 cps a - sin a)^j ♦ , 

Coiiitft.ning equations (1) and (2) , we get. 



(2) 



(3) 



X* X cos (a r*^ y sin a 
* 

y» = -X sin a + y cos a 



These transforn^tion equations are^ften called equations of rotation , 

Exanyle 1, In* a givea coordinate system^ tvo joints and have 

the., coordinates (2,3) and (-U,5) respectively* The axes are then rotated 
through an angle of 30^ • Find the r^ctangiilar coordinates i of P a&\Pp 

. ■ " V V • 

vith respect to the new axes. 

• • » . ' 



I.. 



20 a 



c 



er!c 
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Solution : Since sin 30° = ^ 'and cos 30° » ^ have upon 



substitution in the, preceding equations, - 



^ ^ ^ / g-Zs + 3 ' -2 + 3V3 I ' * / ^ 

Thus has the new coorditmtas ( — * ^ ' ■ , y ^ « 

Pg hM the new coordinates' ''^ ■ ^ - , ^ 2"^'^ } * ' 

2. pi^jjd the ^equations relating coortlinates in**C. ^ C* whra 
C"* is detained fim ^ by a rotation of (a) ^ (h) ^'-30 S / 

■ . •■ ■ ■ . • 

Solution ; . , 

' (a) Since sin 1^5° = cos '1^5^ = ^ , we have, upon substitution in the 

V2 



preceding equation. 



\ 



^ 



(b) Since sin (-30°) = - | and cos (-30°) = we have 



y.' = .+ ^^S-y 

r 



.1 



We can solve x and y in terms -of x* and. y* In Equation (3) . 

« 

(l) X cos gt + y sin a == x* • ' f 

^-xfsln a + y cos a = y^ » 9 ' 



(^) ' X co| a + y 9ln h. cos a = 



X sin a - y sin a cos a - -y' sin a / 



✓ 

i 
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(3) Mdlng^rr^ifionding mejjibeisy ve have:/^^ 



jf^^"" : . x cos^.a + X sin^ o = x« cos a - y» sin a , 



\ 



1 



^ x( cft^P sin^ a) - x« cos a sJ^U j - ) 
hence, ^^J ' x «= x» cos a - y« sia.a ■ ^ . 

(U) .By ^ similar^rocess* y = x' sin a + cos a • 
We shaU r^«r to ett^ar of the pairs of equations 

f x* = X 'fcos :d + y sin a . r x x» cos |jjt - y' sin a 

yt = -X sin + y cos a*' ( y - sin a + y« cos a : 

as the et^uatioAs of - rotation ^ 

Exaigple 3* What eqixation represents the grai^ of 2x + l^Vlxy ^ « 16 
vhen the axes are rotated I3C°^ ? ^ ^ , 



Solutio 



(1) Since 6 = 30^ , the Equations of rotation- are: 

X = x» cos a - y^ sin ©- ^ yO 

y .== x» sin a + y» cos e = •^x' + v^y') . 

(2) Substituting In the equation 2x^ + ^-^^ - 2y = l6 , and per 
forming the indicated mill tipli cat ions, we haVe ^ 



1 



. _ l'(x«^ + 2T^x»y' + 3y»^) =.l6 . 



.2 



(3) Simplifying, Ve have x» - y' 

Wc recogijj^e the gr^ph of this eqiiation to be a, hyperbola. The graph 
in the x'y*- coordinate system can easily be drawn. 
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Fig\ire IO-5 



Nbte that a^fetation ojf axes throiish an an^le 30° made ttie.xy-term 
disappear. Jt vas the elimination of the 3Qr-term vhj.ch''feade it pcs0it)16 for 
us to graph the ourve muchf1ii6re r^ily, , What we have-not discussed Ip^ 
method for deteiimlning through vhat angLe a given set of axes may be restated 
to eliminate the xy-term. Unfortunately we. cannot develop tKis topic here. 
The interested student will enjey studying, this topic In the supplementary 
chapter, . <5» 



Exaznple ^^, What equation represents the graj^ of - = !| vhen 



the axes are rotated ? 



Solution 



(1) Since a =^ ^5 $ the equations of rotation become: 

y c: i(x» 4 yO . 

(2) Substituting in the equation x^ - = U ve have 

|(x»^ - 2xV* + y^^)' - |(x«^ + 2x»y» +^f^) . i| . 

^3) Simplifying, we have x*y' = -2 . 



4oi 
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We have here iwo different equatidns ,cf Ijhe sanfi equil'^eral hyiperbola. 




" Figure 10-6 . * 
' In this. exBDiple, the -equktion with whlqh'W hegaja. had no ity-tenii. After 
a rotation, an Jfy-ter^ appeared 8gi4 the squared terms vanished. ^It W seem 
at first glance that we* made a simple prbblesn thaa-k* ; There may he a goo^ 
.reason, however, why <fe W want to convert' an equation fr*om one form to . 
another, . , • i$ -• ' • . • 

The equation x'y' = -? tells^ toat the variables :£« and y' .are 
inversely proporti9nal to each 5th|r. 'inverse proportions are of frequent 
occurrence in science. For e'.^|^,^in traveling a fixed distance at a _ 
constant rate the speed 1. i^Ji?eV^portioi)pl to tl^ tiie;^ the velocity 
of. the nnd is inversely' proprotioria to the i^acing of the isobars ^lines of 
constant pressure) on a weather map*. ^ We 'are trying to point out, /in this 
instance, that the ptudv/^ a curve whose equation has the ^orm = k , a 
constant, may be more ^ofitable thkn, the study of the curve whose equation 

has the form x - y =- o , a constant. 

We now generalize thfi situation discussed in Example h. If we start 
vith a second degree equation contalTilng no xy-term, a rota'tion of axes 

< ' kit ' 

through ap angle a , VhoBe measure does not equal , for any integer k , 

vlll usually introduce^ xy-term Into the transforme d equatio n. (An 
exception to this is the equation of a circle). 



^ 



kQ2 



' • , '* / • ' 10-3. 

Consider the equation of the seoond degree vhich cojitalns no xy-ternu 

Ax + ^Qy '4 Dx + Sir +• F =^ , 

and apply the equations olV ^rotation *• 

X = X* cos a r y' si^i 

y = x' si/i a + y* cos a . ^ 

Af^er we substitute and perform tne indicated oper^ions, tltis equation 
becomes: * ' 

vith respedt to the new axes« Hie hew constants are in terms of the constants 
A^C,D,E, and F • When A» = C and B' = 0 the equatiOH represents 
a circle. (The details vill be left as an exercise.) 

This last equation is called the "General Equation of the Second Degree" 
ari& is written without mrimes as follows: 

- / ^ I • 

2 2 • • 

Ax -f Bxy + Cy4-Dx + P5^+.F^O 

^."^,In the Supplement to Chapter T, ve ^consider the method of graphing .such 
equaiJions. In particular you will learn how to remove the xy-term by a 
rotaiSt)n gf axes through a determined angle 6k , You have already learned 
hov to translate the origin to remove the linear 'terms. When both 'of these 
operations are performed, the equation of the curve is in a form wiiich is 
simpler to analyze and graph* ^ , 

* » I 

Polar Coordinates, It wasVpolnted out earlier that vhen th^ polar axis 
is rotated through an angle whoso measure is a , the point P r- (r^S) will 
have new coordinAtes (r, 6 - a) . Figure LQ-H ,111 ustrated this relation. 

Let us now consider a polar equati^^^n ^ 

pp 



(1) 



- e cos (9 ^ 



vhich reprecents a conic whoi'^e axlG makrs an angle whose mea^.turr 'is* a with 
the polar axis. We l'i-lustx*ate- an ellipse in such a position in Figure iO-Y, 



ERIC 



207 



o 

ERIC 



, -» *^ J'igure 10-7 . ^ ^ 

If 'thfe polar axis Is now rotated through an angle vhose meas^e Is a , 

-It 

then an equation relative to thfe new polar axls^ OA ,..will be , 

(2) A r = -= 22 — 1— . irtiere 6* = 0 - a . 

^"^^ ^ ' 1 ' e cos 0* ' • 

You will recognize this as a polar equation of a conic vith focus at the pole 

• . ^ *" 

^and axis along the nev polar axis as discussed In Chapter 7»*' 

^ / 

This rotation enables us to graph the same curve by using a stnipler y 
equation. This ef f ect^ |ms observed earlier in Section 10-3 which^.vas cop^- 
cemed vith rectangular coordinates. ^ , ' 

me polar equation vhich represents a circle is r = k a constant. 
This equation is independent of 6 and is not changed by any change in 6 . 

• 'l8 . • * ' * 



Exacrple. Graph x 



3 - 2 co6(e + 60°) ^ 



Spiutlon . We first rotate the pol^ axis through an angle of -6c 
The equation of the curve relative to the new polar axis will be 



V 18 
^ " 3^-2 cos 6' • 



This equation represents an ei:^ip8e with, its focus at. the origin and with 
Its major axin along the new polar axis as shown in Figure 10-8. 



Figure 10-8 



Exercises 10-3 



Points A = (1,0) , B . (5,-2) , and C - (3,4) are vertices of a right 
triangle. Find the coordinates of these points after the axe^ are 
rotateij^ 150^ . Uslhg the new coordinates, show that the area of the 
triangle has not changed. 

Wliat is an equation in terms. of .and of the line 

3x -f 2y ' 8 0 a^ter the axes have be^n rotated -3(f ? I^at is the 

slpjie- of this line in the ney coordinate system? 

GiveR the equaH^lons of rotation 

x - x» cos a - y' sin a / 
. y - x» sin a -f y* cos a • 

Solve these equations for. x* and y' • , \ 

^- 

What is an equation of the parabola x^ y with respect to axes making 
an angle of with the original axes? ' ' 
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-Find the transformed fequation if the" axes are rotalied through the 
IndU-cated angle* • »^ \ ^ 

(a) - Vlxy +,ay^'= 3 , .6 = :^0^ 

(b) 23x^ t'Sxy + ITy^ =^ 25 , 9 is the angle vhose tangent equals ^ . 

, Jt • • ■ 

( c) xy = l^ , e - ^ ' 



(a) y = i^x . e-= ^ 



a.' 



/ M 2 2 ' ' ' ' ' 
Given a circle vhose equation is x + y «= r » Find the equation of 

this circle with respect to the. new axes after the original axes undergo 

a rCftation through any angle \rtiose meapure is a . 




(a). 



cos(0 - 60 



Graph each of the following after routing .the polar axis to sl*j?il^, ..the 
equation. , f "i 

' G 



(b) r = 



10 



5 + 3cos( Q - 120 ) 



(*c) 



r - 



i + Hin(y - ) 



Challenge Probl ems 



Given the general equation of the second degree ' , . • 

2 2 ' " 

Ax + Bxy 4 Cy + Dx -f I'^ + F = 0 * Find sxi equation of its graph if 

the iLxeii rotated through an angle of • Let A* , B' , , and C 

X 

be the coeff ici€?nt8 of x'' , x*y' , and y*"^ respectively. Prove that 

B'"-^ . 4a*C* - B^, . HAC . (This expression " called the 

characteristic of the equation. ) ^ 



's. 



■ r 



4 



' . \0-k 



A set of axes is rotal^" through an anfele of i^eMure a so that the 
-equations of rotation are: • 

fx = x' COB a y' sin a • 

\y - ysi sin a + cos a 

' . • ' • '/ ' 

This rotation is follefved by a se^^or^d -dotation through sn angle of measure 

& so t^^at the equations of rotation are: ' ' • ' ' . * 

* « • 

x" tfos 9 - y" sin 9 ^ ' " , ' 

J 4 . = Y-sin ©'+ y" cos e *. ' ^ ' 



ly* 



■4 » 



Prove analytically that the coordinates '(x.y) and. (x'^y"), are related 
by: ^ 



J 

X = x" COS (9 ^ a) - y" siri (e -f a) 
y t= x" sin (e 4- a) + y" cos (6 a) 



10-4# Invariant Properties » - • 

It vas^ mentioned in Section 10-1 that certain properties of geometric 
, Objects often remain the same under transfoi*mations,^ ilxactly i?hich properties 
remain invariant depends, of course, upon the given transformations, ' 

The geometry we are studying, called Euclidean geometry, is identified by 
the fact that the measiire of both distance and ong^ of geometptc figures 
remain invariant under translation and rotation of axes. Many other geometric 
^ properties also remain^ invariant. Ttie^e include the order of pointy on a line, 
collj^nearitiT of points, and concurrenjSe of lines* Here we shall^ discuss oN4y_ 
the measures of distance and angle* ''The othei* geometric proj^erties will be C 
illustrated in- the exercises, 

- % 

\ 



2U 



We shall first consider the distance betv^en two 'points in a piane under, 
a translation of goces* 



I • { 



s 



.0 




l?i = Ui,yi) 



.V 




/ 

Figure iO-9 
1 

lT\ the figure, the x-axis and y-axis with origin at 0 have been 



translated so that the r^ev origin is at 0» = (h,k) . vith respect to the old 
axes- Observers at both 0 and 0» look at the sajne tvo objects and con- 
si^er tlie disi^ance between theiiu The observer aif 0 refers to their locations 
as positions P. and 'P , and the distance between ^hem as s , while the 

^ observer at p» refers to the positions as ' and P^^ and the distance 

between them as s' ^ » ' 

You and I know that s - s» • But how can the two observers reconcile 
their observations? To answer this questioy^ we list the khown facts: 



and' s' = dCp^',?^') = 



(2) The equations of translation relating the^ coordinates are: 



x' = X - h 

yf = y . k 



•Using these facts, we have: 



(3) 



Xg' . Xg - h 



Therefore x^' - ' - x^,- x^ , 



. ■ ■ , ^ . - ■ \ ■ 



/ 



and . » ; Therefore, y^' " ^i' ' ^2 ' ^1 



(^4-)' We substitute the expressions from (3) " in#the formula foir „ 

r ^ — " i ' 

obtaining b» ^ /(i^ - x^) 4- fy^ ^^^^ vbich is idgjtioal with 
th^ fpnmiia for s , eis vae to "be proved. * ^ 

A numerical problem help in making the above discussion cl^&r^. Let 
= (-IfS) and ^ 0^ = (5|-2) Thus the equations 'of {ran^la- 

tidh are tx» =: x - 5 and y'=:y+2., . - ^ 

Tiie coordinates of , ar^ (-1,8) , and of ' P^* are (-6,k) , - Thua , 

ana « have 7' 



What if the axes in the above probtem had been rotated instead of 
tjranslat^d? We vould then cons;Lder the folloving: . 



(l) The equations of rx)tation are: 



X cos 6 + y sin 6 , 
-X sin G y cos 6 * 



80 that 



x^' = coe S'^Yj |sin.e and x^* = x^ cos S + y^ sin 6 ; 
. J y^' = -x^ sin 0 cos 6 and y^' = -x^ sin Q-^Y^ cps 

^ Therefore, x^* - 3^' = ^x^ - ) cos 6 + (y^-y-j^) sin Q , and 

/ 

(2) Squaring and adding corresponding members, we have:^ 
' ' ^ + (yg -yj^)^(cos^ e + 8ln^ e) , 



(3) Thus ddy,?^*) ' 



Wc see that (mstance is 



(Itstance is iiivai^iaait under .'both rotation and translation of axes 
and we state this as a theorem: f 

( 
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TI PBOREM 10-^2 , The ^asure of distance ^fetweeS^tvo iK)iiits'ls invariant 
^^^^^ -under: ' • 

y * ( a) a translation, o^ axes . * » . 

(b) a rotation of axee^. V ^ - 

' " ^ ■.' . ■• • 

TSie invariance of the measure of /angle tinker a translation or a rotation 
. • of axes foUpvs directly from Theorem. 10-2, 

^ ' . Consider .MBC determined by A ^ ^^'^1^ > ® ^^^yg^ ' 

' . 'L ■ . ■ • 

C = (x^^y^^ • Under either one of the above tii^sforuffiitions,. the points ♦ A , 

B % and ' C will have nev coordinates. They will nov ^be designated as ^' 
A* = (x^Sy^«) = {y^si^) , and^ C* =^(X2S^30 wilii respect 'to the 

nev axe^p - ' • 

Since distance between; points is invariant, ve have Ts^J^ A^^^^ 
BC " , and AC ^ A^C* . Hence, ^ £iA^B^C^ and tl^e . corresponding 

angles are congruent. • " 

HIEQRIM lQ->3 > Tiie mefisS^ of angle j^s invar ijant un&er: 

(a) a translation of axes. \ 

(b) a rotation of axes, \ 

It vould have been possible to prove the invariance of the measure of 
angle under translation or rotation independently of the invariance of distance 
discussed here. We could start vitl' '^he formula 

, 1 + 

cos e ^ ■ — 9 

and consider the. lines : ax + by + c = 0 and : a*x + b«y + c' = 0 . 

Upon the translation of axes, the lines and , with respect to 

the nev axes have the equations 



L 



t 



1 



or . . L.j^' 

and Lp' 



a 



,(x« + h) + b(y« + k) + c = 0 , 



ax« + byV + (ah ^+ bk + c) = 0 • - ^ \ 

a^(x' >• h) + b»(y» + k) ;f c' - 0 , 



a'x* + b»y« + (a'h + h*k ,+ c*) -■ 0 . 
The "slop^'of is given by = f = » slope of L^' is given 
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by xBg* * = • ^Since t]>|^lope8 are equals cos cos ^ and 6' = 
1 for the principal value. Hence' the measure of angle is invariant unde** ^ . 
traxifllation. • - , IL * . ^ * 

^ . The proo^ of the inrariance of angle uhder rotation Involves considerahle 
algebraic inanipulation and is lert. as a "challenge" exercise. . 

' * . ' Exeyclsed 10-^^ ' . 

1* (aL-^nd an eqmtion of the line through A ^^(2,l) and B = (O,^) 
an^ draw the line^ ^ ' ' 

(b) Find the coordinates o€ A and B and taa- equation of the line 
after the, origin hSis been translated to (-^,-6) . ^ ' 

(c) Verify that d(^B) is invariant ^dfer this translation. 

2* (Refer to Exercise 1 above) ^ ^ ^ 

( a) Find the coordinates of A pnd B and an equation Q^^e line 
after the axes have been rotated 90^ . 
* (b) Verify that d<A,B) is invariant under this rotation. 

3. Given line L : - 3y - 12 = 0 passing through A = {0,'k) , 
B = (2,^ |) and 0 = ( 3,0) . 

(a) Find the coordinates of these points (now renamed A» , B* , and C» 
respectively) and an equation of the line (now called L^) vhen the 
origin h^s been translated to' (-1,-1) . J 
^ (b) Verify that the order of i^ints A« , B« , and C» is the saine as 
^ that of A , B , and C \(That is, order of points on a line Is 
invariant. V 

(c) Verify that A» , B« ,^ and C are collinea^;. (That is, ^ 
collinearity of points is invariant under translation.) 

i^: Given lines : ,4k - 3y - 5 - 0 , : x - 2y - 0 , and 
: 5x - ^y - Y - 0 . 

% 

(a) Vcriiy that , , and are concurrent. 

(b) ^Ind equations of these lines (nov renamed L^* , li^' and L^') 
Slater the origin has been -^anslated to (3,-2) . 



21.^ 



(c) Verify .tti&t , Lg* and L^* are ^concuri:ent,# , CThat is, 

concurrence* of lines is invariant under l^aasl^ion, ) 

(d) What is^the relation between the |K3i^:urf cb^purr^cy of ^ ^ ^2 

and'Lg ani thafe of , L^*' arfe V^^l 

<e)^ Do parts, (b) ,^(c) , (d) if, instead of ^rao^plati^^th^ origin, 
• the axes are' rotated • ^ \ ^"'"'^'^ 



5* Givin lines : 3x + 2y ^ 0 



and. LgfSx-y-g^O. r^ - ^[ 

( a) Find the acute angle between and . at titeir jKJint of 

intersection. ^ ^ j 

(b) Find equa^tions of L-^ and (how called and L^') after 

thdvorigin is trLislated to (2,2) • 

(c) Find the angle betveen L^' and L^* . and verify that tho^angle 

is invariant under translation. * m 



Challenge Problem 
« . \ J 

Prpve that the measure of kngle is invariant under a rotation of ^es, ^ 
without makipg use of the invarlance of distance* ' x 

/ 

10-5. Point Trstfisformations 

X* the previous sections we considered an operation called the "trans- 
formation of axes". We now consider another type of trjuofonnation vhich 
achieves similar results frod a different poiifij^of view. However, this new . 
point of .view leads to significant results, such as the transformation of a 
given curve into a corresponding curve vhich is"not congruent to the original 
This we could not achieve by the original approach. 

We now consider a transforation, called a point transformation , which 
carries each iK)int A into another point A' iu the same plane. 'Phus tj^e 
points of a figure F are carried into a set of points forming a figure 
as shown in Figure 10-10. The axes .remain fixed. 



/ 




? 




( r. 
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Figure IQ-^C 

In this sense a tr^Mf ormation,^^^ aif ©per"^tiori by vhich ee^ch elempit of a 
geometrl^c fig\£pe is Replaced by arujther element. Another vayof expressfng 
this concept is that a transf ormatio»-4.s a. on^^o-one gorrespondence or . / 
mapping of each point of A onto a corresponding* poiQt A* , , The pldne is . 
mapped onto itself. A ^Int tra^isformation' is wriljten syiabolically -as ' 
A — ^'A* arid' A* isyalled the image of **A . 

We can also consider, translations and -rotations ^ pDint transfonfiatlons. 
In Figure 10-11, P = (x,y) has been mapped into P« = (x«,yO by /'moving the 
point horizontally a distance of h and vertically a distance 6f k « Tbus 



X* = X -f h 

y» = y k • . ^ 

Another way to write this transformation is (x,y) — ^ (x -4 h, y + k) 
form will be used frequently in the re^3airi(^e1P^ of the text. 



This 




Figure 10-11 v 

This pair of equations is ^similar to those derived earl-ier for a translation 
of axes; they differ only in the signs of h 'and k /^This occurs because 
ve are nov moving the point and keeping the axes fixed. * 
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The following eraB5)le will illustrate this fact# , 

'Let points A ^ (2,0) = (2,1) and C t:= (^,1) be the vertices of eC 
triangle as shovn \n F^ure 10-12«^ These^ points WiiT undeirgo a point t^-aiffe- 



rmation given by 



Thus 



/V = X 4 

k'^ (2,0) 
B = (2,1)— "b* = '(6,7) 
C (lf,l)— ^ C»-*= (8,7) 



y -f 6 . 
^'i^ = (6,6). 



B* C • ' 

(6,7) r-— .-'(8,7) 



A* 

(6,6) 




A ' ~ ■ « 

(2,0) 

^ . Figure 10-12 

You will note that AABC has been mapped into M'B'C* . You .toould 
also observe that the ^ame "visual effect" could have^been achieved by 
translating the x- and y.-axes to a new origin at (-H,-6) . What ve are 
saying Is that .AABC vould have the saine relative position and appearance to 
a person standing at point (0,0) as M»B»C» would have to a person standing 
at point (-^,-6) . Note thaf^he coordinates (-^,-6) are the negatives of 
the yalues of h and k used in the point transformation. 

A rotation is now con8idei;:gd as a mapping in which each point i« the 
plane is mapped onto a point the same distance the origin a^ previously. 

When > P — * P* and Q — ^ Q» , the rotation will map /POt» into the 
congruent angle QOQ» . In the figure, A = (2,0) has been mapped onto 
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Figure 10-13 

A* = (i^yl) by rotating through an angle vhose measure is 30 ; both points 

* 

Ce at a fixed distance of two units ttom 0 # A conrp^able visvial effect 
uld have been achieved if the axes had been ^tated throu|^ an angle '^^Be 
measure is -30° , and .A" = (i/^,-l) located on the x'-aads. The idea ve 
are emphasizing ia that A hees the same relative ixjsition to any)bserver at 
A" as A* has to an observer at A • Also, OA has the sam^ iK)sition^vith 
respect to the and y'-axes as OA* has with respect to the x- and y-axes. 
A similar statement could be made regarding the rotation of any jxilygon or 
for any genersil figure P • The angle of rotation could be geneAlized to be 
any angle \^ose measure is a « 

We now return to the concept of reflection Tdiich was discussed in detail 
in Section|.6-2 with relation to the syimnetry of curves. We shall now define * 
certain, relfections in terms of point transformation a^ follows: ^ 

(1) A reflection vit^ respect to the x-axis is given by (x^y) — ^ (x/-y) 
^ (2) A reflection with respect to th fe y-qjcL s is given by (x,y) — ^ (-x^y) 

(3) A reflection with respect to the origin is given by (x.y) — ^ (-x,-y) 
^ote our use here of the iltemate.notation -indicated earlier in this sections- 
Reflections with reSpect, to lines L and L* parallel to the x- and * 
y-axes respectively are best treated by translating the x- and y-axes to 
coincide with L and L* . In accordance with our practice regarding nota- 
tion we shall ndw refer to lines L and L* as^th^ x'- and y'-sxes respec- 
tively. Thus the point transformations are considered with respect to tlne^ 

and y'-axes and to the new origin at 0* r: (h,k) as^ shown in Figure 10-l4d 



1+15 



21.9 
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We can consider reflection^ with respect to any point or line but the 
equations of transfonaation are often difficult to state e3q)licitly. We 
consider this subject beyond the scope of this text and refer you -to the 
challenge exercises in Section 6-2, 

Sone reflections of s^ments are indicated in Figure lO-ll]-. 




(x^y).-^ (x^-y) 
Figiire 10-lU« 




(x,y) — »- (-x,-y) 



Flgure^lO-lltc 



y 

Pi^ 


I 

A 

Pa 


p\ — J 


/p, 


), 

0 

> . (x,y) — » 
Figure 


X 

t 

•(-x,y) ' 
lO-lUb 






(x,y) 



xSy') 



►,y)— (x',.y') 

Figure lO-l^+d 
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Ih each^of the above illustrations, 'd(P^,P2) = dCP^^P^O . It is 

possible to prove that distance is invariant under the"^^^ of all reflections. 
We present here a proof of the first case where a line segment* is reflected 
with respect to the x-axis. 



Ref eri^ing Vo Figure 10-ll^a, we have dCP^,?^) ^ / (x^ - x^)^ + (y^ - y-^^) 

and dCP^SPgO - / ' ^ ^"^2 ^i^' ' ^^^^^ ^'^2 ^i^^ ^ " ^1^ 

have dCP-^,?^) = dCP^SP^O . 



ve 

It is also possible to prove that any translation, rotation, nr combina- 
tion of translations and rotations, can be accomplished by a series of no 
more than three line reflections. A proof will be found ih the Supplement 
to Chapter 10. We shall merely illustrate it here in three exan^les. 

Example 1. Show hov the translation of to the new position 

indicated by M"B''C" can be effected by a series of line reflections. 






Figure 10-r> . * 

In Figure 10-15, wt? Gee that MBC has been trani5j ated to M"B"C" by 
a series of tvo refelctlons. The axes, of reflection^ Ly snd , were 

selected parallel to AC , Axis 4.,^ may be 'chosen freely but there is only 

one position poaalbJe for ., 
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ESyftmple 2« (Same as Exainple 1.) 




^ Figure 10-16 

In Figtif e IO-16, ve observe that MBC has been reflectcjjd vith respect 
to axes and Lp , vith the result that it has been both translated and 

rotated* 



Exaagple % Demonstrate hov axes of reflection can be selected to move 
a directed line segm^ht from one position to another given jKisition. 




Figure lO-Tf 

In Figure 10-17, ^ — ^ A"B" a series of at most lihree line 
reflections by using the f olloving procedure^ 

(1) E^aw and A^' intersectiiig at P 

(2) Bisect angle P and call the bisector 

(3) Refl-ect AB vith respect to P?* • A*B« , the in^e of AB , will 



pp» . 



lie on A"B" 



— *v 
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{h) Construct QQ* , a j^pirendicular to B'A" , Reflect A»B* Vith 

respect to QQ' Its Image' DC lies on A*B* and coinciaes \^th 



h ■ 



(5) Construct' the perpendicular bisectof^ of CD • Reflect c5 

vlth respect to RR» . Thus D A" and C — ^ B" and the 
order of points on tf'B" is the same as that of AB . 



The selection of axes of reflection vhen AB| |A"BI' is left as an" 
I 

exercise. 



The effect of one or BK)re reflections upon a geometric figure can be 



♦ f 



' studied analytically »a8 wej.1^ as by dftual constiniction and observation. To 
illustrate this approach, ve shtfLl consider the point reflection ^ 
(x,y) — ^ { -x,-y) . 

Upon applying this transforation to the line L : ax + by + c « 0 , the 
equation becomes - L» : -ax - by + c = 0 or ax + by - c = 0 • The lines L 
and L* are parallel but the intg^'cepts on the axes have different signs. 
Specifically, the -line) 2k + 3y - 6 = 0 ^ vlth intercepts (3,0) and (0,2) 
transforms to the line 2x -h 3y 6 ^ 0 vith intercepts (-3,0) and (0,-2) 

* ' 2 2 2 1- 

When the same ^transformation is applied to the circle x + y = r , 

ve note that there is no change in the equation. Tliis result verifies the 

fact that this circle is symietric vith respect to the origin. A similar 

result la obtained forJ:he ellipse' b^x^ + a^y^ = a^^ , the hyperbolas 

b'^x^ - a^y^ = ^d xy = k , the cubic parabola y = ^^^^d emy other^^ 

curves that are symmetric to the origin* 

The circle x + y + Dx + Ey + F = 0 transforms int^ another circle 



int^ja 

asurW 



+ y^ - Dx - + F = 0 , The radii h^ve the same measur'f but the center is 

now at (|.|) instead of at ( - | , |) . Figure 10-16 Illustrates the 

effect of the point reflection (x,y) — (x'yO upon the circle 

C J ^ y"^ - ^x - 6y 12 = 0 - The equation of the transformed circle is 

Qf J x^ + ^ ^x + 6y - 12 - 0 . C and C both have a radius of t> 
t^ie center of C is at (-2,-3)' while that of C is at (2,3) ^ 
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Figure 10-18 

A second reflection (x*,yO — (x",y") * with respect to the same point* 

id.ll map C* into C" x + y - - 6y - 12 = 0 and ve observe that 
C" = C . A similar result is obtained vhen any reflection is followed by one 
of the same type and with respect to thje same point or linff* A nujnber oj$ 
transformations, other than reflections have this same property. We shall 
discuss one of these in the next section* 

k variety of point transformations will be presented in the exercises. 

Exercises 10-^ 

1, Given points A = (1,2) and B = (3,-^) • Reflect A and B with 
respect to the 

(a) X-axis ' (c) origin 

[\^ y-axls (d) line- x 6 , 

Verify in each tase that d(A,B) is invariant. I 

The equation x' = x + 2 tmy represent, a point transfqrmatlen along the 
X-axis. Select any three points on the x-axis, find their In^^'s under 
the transformation, and determine two properties which remain^ invariant. 



2?^ 



y 
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3. Perform Exercise 2*for the tropsfprmation x' = 2x . ^Find three 
properties Invariant utjder. thla t;^^sfol*matlon., . 

h. *Show that the aitele between the lines \ L, : y = 0 and L„ : y 



X • ifl 



5. 
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preserved under rotation through an Wiglp of measure ^ . 

Show the effect of the mapping indicate^ fl^gr each 06 the following curves 
by graphing both the original curve and i'^s image oB-the same set of axes. 



(a 

(b 
(c 
(d 
(e 
(f 

(S 
(h 
(1 



y » X J (x,y) 

2 



(-x,y) 

X = y ; (x,y) — ^ ( -x,-y) 
= 6 ; (x,y) — (-x,-y) 
kx^ - 9y^ -.36 J (x,y) — 



(3x,2y) 



+ y - 2x + ify + U = 0| (x,y) 
y = x-^ ; (x,y) — ^(x/-y) 
y = sin X \ (x^y) -^-^ (x,-y) 
y = tan ^ j (x,y) — " (-x,y) 
y = 2'' ; (x,y) — ^(-x,y) 



(-x,y) 



A = (-2,1) , B = (5,-2) , and 'C = (3,3) are vertices of a triangle* 
They are rotated about the origin through an acute angle 9 such that 

tan 6 = -j^ • Test anci verify three properties which remain invariant 

« 

under this rotation. 



Y. (a) G^ven the segments AB and CD as shown in the figure. Show, bj 
construction, how JS can be mapped Into CP by means of line 
reflections. * 





(20,0) 
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(b) Trace congruent triar^les ABC and DEF .keeping their reiative 
positionB. Sboy hov to mp MBC into ADiP by the meth^ used 
in part (a) . 





E \ 

8. The points on the foUowlng curves are rotated through an angle of 
measure | with respect* to the origin. Find the equations of the 
transformed- curies. Sketch each of the curves and Its image on the 
same set of axes, 

(a) 3x + 2y - 8 = 0 ^ 

(b) + = 25 

(c) = l^x 

9. Discuss the transformation' (x,y)— *(-y + 3 , x + l) by finding the 
Images of the curves in Exercise 8. • * 

10. Determine whether paralleXism 1^^ preserved when the lines 

: 3x - 2y 5 = 0 and : '3x - 2y - 3 = 0 undergo the napping 

(x,y) — ^(x + y , 2x - y) . 



10-6. Inversions . 

We conclude with a discussion of a point transformation called an 
inversion. 

Consider a circle C with radius r and center at 0 . Select, any 
point P / d , d(0,P) >ir , and draw OP . With P as a center and OP 



as radius draw an arc intersecting C at R . Finally, with R as center 
and a radius r draw an arc intersecting OP in P* . The construction is 
shown in Figure 10^-19 # ^ote that this construction requires that the 
circle be intersected at ^int R .) , 

4 




Thus /ORP = /POR ^ ^OP»R and /C^PO « Then |[§^ ^ ^j^^pi^ and 

d(0,P) " d(0,P*) = r . Two points P and P* which meet thi^ condition 

are said to be mutually inverse points with respect to circle C * 

J ^ ■ . 

When d(0,P) < * drawn with ' P as a center and Op as radius 

will not intersect the ci2*cle. In this case, construct the perpendicular 
bisector'of OP intersecting the circle at R and OP in S , At R , 
construct / ORT = / POR . Then RT will intersect OP in P* . It is 
left as an exercise to prove that OP • OP' = r^ • 

DEFINITION . An inversion Is a point tra^formatlon which maps 
each of tilb arbitrary points which are mutually inverse into 
the other. 

Circle C is called 'the circle of 1 nverslon and ix)int 0 is called the 
center of inversion . Point is said to be the inverse or image of P , 

and vice-versa. 
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/ 



Each point on the unit circle is its own image; each point oulJlside this 
circle has a unique image inside} and, with«the exception of the origin, each 
point inside the circle has a unique inage 0vi*^ide. This is true because 
if d(0,P) <r , ve have d(0,P') >r , and'for d(0,P) > r , we have 
,d(0,P') < r . For any ^Int on the unit circle, d(0,P) = d(0,P') = r . 

We now obtain an analytic representation for such a transformation. For 
simplicity, we let r = 1 . 

R 

y 




Figure 10-20 

Given a unit circle C with its center at the origin. Draw any ray OR and 
locate on OR mutually inverse points P and P' . Construct perpendiculars 
from P and P' to the x-axls, intersecting the axl6 at M and respec- 
tively. 



(1) 



1ince Z^MP WsDNP' , ^Ig^pi j = ~r • 



J 



;?) By definition, we have d{0,P) • d(0,P«) = 1 or d(0,P) ■= ^(q^pt ) 



(3) 'Phus by substitution, 



(d(0,P'))' 



(d(O.P))' 



ik) Since (d(0,P))^ 4 and (d(0,P'))^ = x'^ + y'^ 



we have 



1 



+ y 



, X 2 2 
and — r- = X + y 
2 x' 



(•j) Thus 



X = 



t y' 



- and x' = 



X + y 
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i 

y t * y 

(6) In a similar fashion, y = — tt^ 5 and y* = -3-* — 5 . 

(?) The ^pairs ^o? equations: 



X* + y» ./^^ X + y 

are call^ the equatione^of the inversion transformatJ.on. \fe shall 
now investigate tfie effect of ^applying this transformation to 
several curves. 

Exagqple 1. What is the inverse ^of a straight line vlth respect to a 
unit circle? . # 

(1) Let L : ax + by + 'c = 0 vith c 0 Then L« , the inverse 
of L , has the equation 

x' + y' X* + y' 

(2) «ThuB c(x'^ + y'^) + ax« + = 0 , or x'^ + y'^ + |x' +g^y« - 0 . 

(3) Completing the squstres, we have; 

^" (X. .(y 

\ f ^ ^ \ 

and recognize^ the graph of a circle with center at v- > 2^/^ 



2 

y 




/a -t- 

2c 



with r\ -^-2^ — ^ and passing through the origin as illustrated 



in Figur^ 10-21 . 



* 



22,9 
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r ■ 



2c 



Figure 10-21 

Thus a line jiot passing through the origin transforms into a circle 
losing through the origin. converse of this theorem is also true; a 

circle* passing thru the origin transforms into a straight line not passing 
through the origin. The proof Ist'left as a Challenge Problan. 

Thfere Is an interesting special case of this problem. Note that lij^thA 
example given we 'defined the line L by ax-f-by4c«»0 and c ^ 0 - What 
if c = 0 ? , 

In this case, ve hsve L : ax^+ by = 0 or y = *^x or y«:mx vhere 

m is the slope. The inversion transformation yields 



' 4 y»^ 



mx' 

is ' 

X' 4- y* 



Thus y' - mx* and ve obsearve that a line passing through the origin trans- 
forms into itself. Ajiother vay of sayi,ng this is that a li^ passing through 
the origin remains invariant under an inversion transforination. 
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Exainple 2. What ia the Inverseyclth respect to the unit circle, of a 
network of lines x » c p^el t^heT^tads, and y - k , parallel to 
the x-ajds? 

(1) The lines x = c transf onJ -into 




? 2 



c or c 



P x« ^ . 1 \2 ,«2 1 

■'^ £--0. ,or (x'--5-) + y* "—-p' 
c ' <^ Uc 



4 (2) Thus X' + y' - — " > "25' 

This equation represents a whole "faMly of circles" passing through the 
origin with centers at (-g^ , O) . 

(3) In a iimilar fashion, the lines y = k transform into a fasdly of 
circles with centers at (0,'^^) and passing through the origin. 

, A part of a network 'of lines and the circles which are their inverses 
are shown in Figure 10-22. 
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Figure 10-22 * 
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ffqu have already observed an unusual result; For the first time 'in this 
ais^jision, a curve has been transformed into a different curve> Such an 
everit was made possible because we are dealing with point transformations. 
Figure 10-20, a different scale was used for the two drawings. 

As a final exaii?)le, we consider the following; 

3. What is the inverge of a ci^jcle with respect to the unit f' 
circle? I- ' 



(l) Consider the general equation of a circle 

0 '^x +y +Dx + Ey + F= 0,and apply the equations of inversion. 
Thus we have ft , ' * 

^'^ I y'^ Dx' EV' » 



Px' . , Ey 
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isy Thus since 5c'^ + ^ o , F(x'^ + y'^) '+ Dx' + Ey- + i = d 

» ■ ■ 

or x'^ + y.2+|x' + |y + | = o 

(3). .Substituting- D' =1 , E' =1 , F''=|,, ve get 
• 2 2 ' 

vhich we recognize as a different circle (in general)- 

It may be of interest to discover whether C 'and are related to 

each other in any way. . ■ * 



' ^ . Exercise s 10-6 

• " ~ ™ . 

The first five- exercises are concerned with the effect^ of inwsrting the 
given curve with respect to the unit circle. 'The equations of thP inversion 
are 

X = g , y = _y , 

x^^ + r x'^ + 

For each exercise, draw the clrdle of Inversion, the original, curve, and its 
inverse on the same graph'. 

1. 3x + 2y - 6 = 0 

2. y = 5x 



3. y = 3 • ' - * 

V. y = Ux ^The*^ graph of the invex^ted curve is optional) 
5; (x - hf = 16 ' , 

6. FliM^ the inverse of each of the following lines with respect tp the unit 
circle. Graph ail: of them on one set of ajces and all their inverses on 
another set. Hie lin6s are: x = t 2 ^TT = s^l^ ,x«=i6,y«i2, 

^ Y ^ t k and y = i 6 . 

?• In Exercise 1 you found the inverse of the line L : 3x + ^ - 6 = 0 . 
Call the inverse L« . Now apply the same transformation to • \toat 
can you conjecture from the result? • 

8. Derive equations- of inveirsion wi-fch respect to a circle whose radius is 
r and center 'at the origin* 

9* The following four points are coliinear: A =; (0,-3) ^ B = (l,-l) , 

C c {2,1) and D = (3,3) # Find the inverse of 'each of these points . 
> 

2 2 

with respect to the circle x + y = k and call the inverse points 

A' , , C* , and D' . Prove that / 

*- 

d(A,C) a^i^c^Jb 

d(B,D) d(BSD^) 
(This ratio is called a cross'-ratlo in more advanced geometries), 

10* Refer to the textj and perform the construction of th^ inverse point P* 

1 ^ — 2 * 

when r <• "I . Prove that OP • OP^ = r * 



Challenge Problem ^ *f , 

Prove that a circle passing tlSrough the origin inverts into a straight 
line not passing through the oriafn. 

10-7. Summary and Review Exercises . 

We have considered two types of geometric tran'Sformations* The first 
type considered a transformation as an operation which changed -ene set of 
axes into another by means^ of translation or 'a rotation or both. In a transla- 
- tion, the axes are shifr^ed in such a way that they remain parallel to their 

ERIC f J 



original iK>8itions and Qriented in ^he same direction} the origih is moved, Ir^* 
contrast, a rotation keeps the origin fixed but new axes are obtained by 
rotating tjie axes thirou^^ fixed angle. Sets of equations vere derived to 
effect these operations. We desoonstrat^ hov a relatively complex equation 
could be reduced to a siimler form vhich thfen coulfl be drawn nsDre readily. 

As. a second type of transformation we considered the t^^ing of the pleine 
onto itself. Rules were giwn by which any point or sets of points in the 
plane can be^ moved fro© one position to euiothel*. This set of trahsformations' 
can effect translations and rotatjlotis^ It can also effect reflections, tn-, ^ 
versions, and other changes. Reflections eo'e related to the concept of 
syimnetry in figures. Inversions can convert one type of curve into another. 
The exercises illustrated some oth^ types of iK)int transformations'. • 

One of the principal reasons for studying transforations is to discover 
which geometric properties r^i^n invariant under the stated opS^^J^^as. 
Geometries are classified on the basis of these properties. ^MI^PMn 
geometry is characterized by the fact that the BMisures of distance and angle 
are invariant under the set of all rotations and translations^ ThJ^ set is 
often j-ef erred te-as the set of rigid motions^ rflnce those transformations 
preserve size and shape. Other invai-iant properties were considered in the 
exercises, ' * 

Reviel^ Exercises 
. ' PART II 

The "Review Exercises" are concerned- primarily with several transforma- 



tions not discussed in the text# They are presented so that you loay discover 
some significant facts for yourself and may widen your experience with the 
subject. 

1. * Find the curve into which the. parabola x ^ is transformed by each 



of the fo3-lowing mappings: 

(a) (*x,y') ^(2x,3y) 

(b) (x,y) — ^ (x + 2, 3y) 

(c) (x,y). — »- (x - 1 , y + 2) . 

"S, 

Draw the original <iyirve and its image for each. Can you find any in- 
variant properties under any' of these transformations? t 
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TSie mapping (x,y) — (kx,Isy) is called the transformation of 
similitude. Let k ^ 2 and find the effect of this transformation iq>on 
the graphs of the followljag: 



(a) 2x 4- 3y - 6 = 0 

(b) + » 85 ^ 



• ^ 2 
(c) y = -Jfx 



Which are invariant properties under this transformation? Can you 
Justify the name given to this transformation? 

'+ y« * 

IX ^ ^-t- 
, , V. is a^rplied to the perpendiculto 
y = ^ 2 ^ 

lines L^:2x-3y + if«0 and* i 3x + 2y - 6 0 . I^ermine 

idiether the geometric property of .perpendicularity is preserved und«^ T 

The set of affine transformations is one of^the most fruitful of all 
types studied by mathematicians. They have the form ^ 

IX = ax» + by* + c • ^ 

. Many of the mappings studied in this chapter 
y e dx' ^ ey* + f 

vere special c^es of this set. For exadfe)le, the set of rotations are 
derived by letting the consteuits a 5=>cos © , b e -sin © , c = 0 , 
d = sirf*^ , e ^ cos 9 and f = 0 • ^ 

ioc = ex* - i^y* -f 1 
J and find its effect 

y = 3x* + ^» ^ 1^ 

upon the gr^hs of the following: 



(a) + y'' = 1* 

(b) - 9y^ = 36 

'a 

(c) kx - 3y-+ 12 = 0 
(a) iix - 3y - 1 = 0 



J 



(You probably cannot identify the iriages of (a^ and (b) unless you 
study the Supplement to Chapter ?•) 



t 
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■ * 

5. iiL.PTOblem k, construct lines (c) and (d) and theif Usages on the 
same set of ccKprdinates. What tentative conclusion can you drav? 

6# Prove tiiat the mapping (x,y) — ^ (-x,-y) is a distance iireserving 
^ transforaation* 
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JIatural Trigonometric Punctione (ifegree Measure) 
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1.313. 


0.761 


.9l^ 


' 0.808 


0.590 


1.369 


0.730 


. .96 


0.819 


0.574 


1.428 


0.700 


.98 


, 0.830 


0.557 


1.491 


0.671 


1.00 


0.841 


0.540 


1.557 


0.642 




0.8^ 


0.523 


1.628 


0.614 




0.86P 


0.506 


1.704 


O.5&7 


i--i.OTi 


0.872 


0.489 


1.784 


0.560 


i.oQJ 


0.382 


0.471 


1.871 


0-5^ 


1.10 


0.891 


0.454 


1.965 


0.509 


1.12 


0.900 


0.436 


2.066 


0.484 


1.1k 


0.^ 


0.418 


2.176 


0.460 


1.16 


0.917 


0.399 


2.296 


. 0.436 


1.18 


0.925 


0.381 


2.427 


0.412 


1.20 


0.932 


0. 362 - 


2.572 


0.389 


1.22 


0.939 


0.344 


2.733 


0.366 


1.2k 


0.9^+6 


0.325 , 


2.912 


P.3U3 


1.26 


0.952 


0.306 


3-113 • 


0.321 


1.28 


0.958 


0.287 


3.3^+1 


0.299 


1.30 


0.964 


0.268 


3.602 


0.278' 


1.32 


0.969 


0.248 ■ 


3.SK)3 


0.256 


1-3'* 


0.973 


0.229 


4.256 


0.235 


1.36 


0.978 


0.209 


U.673 


0.214 


1.38 


0.982 


0.190 


5.177 


■ 0.193 


i.ko 


0.985 * 


0.170 


5.798 


0.172 


l.k2 , 


0.989' 


0.150 


6.581 


0.152 


l.UU 


0.991 


0.130 


7.602 


V 0.132 


1.U6 


0.99^+ 


0.111 


8.989 


'0.111 


I'M' 


0.996 


0.091 


10.98 


0.021 




1^ 0.997 


0.071 


. 14.10 


• 0.071' 




7^ 0.999 


0.051 


19.67 


0.051 


li|f ■' 


. 1.000 


0.031 


32.46 


0.031 


1:56 ^' 


■ 1.000 


0.011 


92.62 


0.011 


1.58 • 


1.000 


-0.009* 


-108.65 


-0.(X)9 


1.60 


i.OOO 


-0.029 


-3'+.23 


-0.029 


1.62 


0.999 


-0.049 


-20.31 


-0.049 


i. D4 


u. yyo 


- u • uoy 






1.66 


0.996 


-0.089 


-11.18 


-0.089 


1.68 


0.994 


-0. 109 


-9.121 


-0.110 


1.70 


0.992 




-7.697 


-0.130 


1.72 


O.9B9 


. -d.l49 


-6. 652 


-0.150 


1.7J* 


0.986 


-0.168 


, -5.853 


-0.171 


1.76 


0.982 


-0.188 , 


-5.222 


-0.191 


1.78 


0.978 


-0.208 


-4.710 


-0.212 


1,80 


0.974 

> 


-0. 


-4.286 


-0.233 
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The Greek Alphabet 



A 


a 


alpha 


N 


V 


nu 


B 




beta 




€ 


xL 


r 




gajnma 


0 


O 


CMpicron 


A 




■sdelta 


n 


Jt 






e 


ep&ilon , 


p 


P 


rho 




f 


zetd 




o 


slgma 


H 




eta* 


T 


r 


tau 


e 




. Jtheta 


T 


u 


upsllon 


i' 


t 


iota 


4> 


0 


phi 


K 


K 


kappa 


X 




chi 


A 


X 


lambda 






,psl 


M 




mu 






omega 



V 
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2. in 



For precisely defined 6inalytic geometVy terns the reference is to the 
formal definition. For other terms the reference is to an informal definition 
or to the most prominent discussion. 



abscissa, Pb 
absolute value, 9^ 
addition 

of ordinates, 220 

of radii, c^^^ 

of vectors, 9^ 
additive inverse, 10^ ^ 
Agne si, Maria Gaetana, lb6 
ailiplitude 

modulation, ?28 * 

polar, 204 

of sine curve, 22k ^ 228 
analytic representation(s), 21 
angle(s) 

between two l^es, 65, 71, 125 

between two vectors, 121 

^direction, 59 

polar, 31 
angular velocity, I76 
Apollonius, ^68 
applications of 

conic sections, 268 

ellipses, 292 

parabolas, ?82 

hyperbolas, 299 
argument, polar, 20^ 
associative property, IO5 
asymptote(s) , Plii, 298 
axis (axes), 26 

of a cone, 268 

of a coordinate' system, 

of an ellipse, 290 

of an ellipsoid, 357 

of a hyperbola, 29^^ 

polar, 31 

of reflection, 205 

of a surface, 368 

of symmetry, 2O5 
bounded 

domain, PI3 

function, ;'13 

graph, 202 

range, 21 J 

set,. 19U- 
.Cassini's Oval, 169 
center of inversion, ^^23 
Ceva's Theorem, 133 
.Characterization of 

•i>oints on a^line, I06 
cir^ie(s), 270' % 

dfI'4^v^rsion, H23 

orthogonal, 289 

j:>arametr4c representation of, 175 
pencil of; .'88 



I 



26 



cissoid, 187 V 

coaxial family, 288 

combination linear, 20, IO6 
I commutative property, 104 
1 component vectors 11^^, -334 

ccsnponents, x- andy-, II3 
334 ^ ' 

ccxnposition of ordinates, 229 

conchoid, I87 

condition for a set, 22, I6I 
cone(i|, 366 ^ 

Bxrs of, 268 • ' . 

directrix of, 366 

element ^f . 268, 366 

elliptic, i67 

generator of, 366 

nappes of, 268 

right circular, 366 

vertex of, 268, 366 
conic sections, 270 

applications of, 268 

degenerate, "271 

directrix of, 270 

eccentificity of, 270 

focus V, 270 
conjugate aSkis, 298 
conjugate hyperbolas, 299 
coordinate(s) , 7 

cylindrical, 377 « 

in a plane, 26 ^ 

g^ane principle, 35 

planes, 3IO 

polar, 31 

rectangular, 26 ^ 

spherical, 379 

in 3-s|>ace, 3IO 
coordinate system{s), J, 26 

Cartesian, 29 

linear, 7 , 

linear principle, 9 

polar, 30 * 

rectangul^ar, 29 
cubic parabola, 206 
cycloid 

curtate, l3k 

para&etric representation of, I82 

prolate. Idk 
cylinder(s), 363 

directrix of, 363 

elements of^ 363 

generator of, 36^ 

projecting, 372 
cylindrical coordinates, 377 
de Coulomb, 268 
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270 



a line, 
27, 311 



78 



degenerate 

conies, 271 

ellipse, 292 ^ 

hyperbola, 27'2 

parabola, ^272, 28l 
Descartes, Bene', 1, 29, 91 
difference quotient, k2 
difference of vectors, 99 
Diodes, I87 
directed distance, 10 
directed line, 61 
directed segments, 10, 92 

equivalent, 92 

length of, 10 

magnitude of, 10, 92 
direction 

angles, 59, 3l8 

cosines, 60, 76, 

on a line, 57 

numbers, 57, 76, 315 
directrix 

of a cone, 366 

of a conic section, 

of a eyl^der, ^363 
distance, 9 

between a point and 

between two points, 

directed, 10 

measure of , "9 
f normal, 75 

polar, 31, 20k 

in polar coordinates, 37 
distributive property, IO8 
divide a segment, I8 
dot product, 122 » 
eccentricity, 270 
Elements, of Euclid, 1 
ellipse(s), 270, 29O 

applications of, 292 

degenerate, 292 

focal radius, 295 

major axis, 290 

minor axis, 

parametric representation of, 179 
ellipsoid(s), 357 ' 

axes of, 357 
elliptic 

cone^ '367 

iTyp^erboloid, 36I 

paraboloid, 36O 
epicycloid(s), I85 
equations of rotation, 39^ 
equatjjons of translation, 39^^ 
equilaieral hyi^erbolas, ?99 
equillbrant, II9 
equilibrium, liy 
. Euclid's Elemefits, 1. 
even function, 20B 
extent of a greph, 202, 212 



298 



298 
363 



extreme values, 2l6' 
factoring a function, 233 
Fennat, Pierre, '91 
focal radius, 295 
focus of a conic, 270. 
functibn(s), 202' 

bouhded, 213 

even, 

period of, 203 . 
periodic, 203 
general form, ^7 
general linear equation, kl 
graph(s), 22, 161 
bounded, 202 
extent of, 202, 212 
of polar equation, I68 
Grassman, Herman, 9^ 
Hamilton, William R., 9I 
helix, 375 
Hilb^rt, David, 7 
hyp^rbbla(s), 270, 296 
- appli cations^ of , 299 

asyxEiptotes of, 298 

conjugate, 299 

conjugate axis of , 

degenerate, 272 

equilateral, 299 

transv^se axis of, 
hyperbolic paraboloid, 
hyperboloid(s), 36I 

elliptic, 361 

of one sheet, 361 

of two sheets, 362 
hypocicloid(s), 186 
image, ^13 
inclination, hk 
inner product, 121 
intercept (s), kk. 3^h 
intercept form, h6 
in-rariant properties, 
inversion(s), h2^ 

center of, U23 

circle of, ^23 
involute of circle?, 
Kepler, 268 
latus rectum, PBO 
limag^n, 2^^ 
line(s) 

antiparallel, 6B 

coordinate nystes for, 7 

directed, 6I ^ 

direction 'on, 57 

equation of, Ul, ^43-^^7, 76, 79 

inclination of, hk 

normal, 3U0 

pAallel, 67, ^ti 

parametric equations of,^l^^i 

perpendl cu I ar , 67 ^ 

r>yinmetry of, 20!? ^ 



390 



188 y 
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linear combination, 20, 106 

linefir coordinate system principle, 9^l6 

lofcus (loci), 22, 161 

magnitude dt a directed line segment, 

10, 92 

magnitude of a vector, 9S 
najor axis, 290 ^ 
mapping, 413 

measure of distance, 9 ' 

Menaechmus*, 268 

Menelaus* Theorem, 133 

minor axis, 290. 

modulus, polar, 20k J 

motion, parametric representation of,170 

multiplication, ^ 

of ordinates, 223, 226' 

scalar, ^ 
Nappes of a cone, 268 

tvton, 268 
ccanedes, 1B7 
nine-point circle, 307 ^ 
normal, 75 

distance, 75 
form, 76, 82, '3^2 
line, 3^0 ' ^ 

Irays, 77 • ' 

segment, 7t? 
vector, 3U1 
normalized pair,. ^8 
normalized triple, 317 
obl&te spheroid*, 357 
' octans, 310 
ordered pair, 26 
ordered triple, 3IO 
ordinate, 26 ' 
origin, 10, 26, 93 
princ?lple, 93 
• vector, 93, 96 
orthogonal circles, PH9 
parabola(s), 270, 280 
applications of, ^^82 
degenerate 272, 28I 
paraboloi d( s ) , 359 
elliptic, 360 
hyperbolic, 363 
of revolution, 359 , 
parameter(s), 20, I70 
parametric representation, i'O, 170 
of a circle, I76 
of a cycloid, 182 * 
of an ellipse, 179 
of a life, 18^, 313 
of^totion, 170 
path, 173 , 
pencil' of circles, 288 
period of a fuhction, 203 
periodic function, 203 
perpendicular vectors, 123 
plane symmetry, 355 



^12 



30 



1 



167 



point circle, 271^1^5 
point of division 

internal, 17, 27 

of' a segment, 18, 3I1 
point -slope form, ^3 
]K5int syimnetry, 205 
point transformation, 
polar 

amplitude, 20^ 

angle, 3.1 

argument , ?0h 

axis, 31 

coordinate system, 

coordinates, 31 

distance, 31, 204 

equations, related, 

form, 79 

modulus, 20h 
pole, 31, 3? 
positive ray, 58 
projecting cylinder, 372 ^ 
projecting* planes, 3^7 
prolate spheroid, 357 
properties of - vector operation's, 
4uadrlc surface, 351 
ray, positive, 58 
reflected image, 205 
reflection, axis of, 205 ' 
related polar equations, 167 
repr e s entat io»> 

analytic, 21 

tiaft-ametric, 20, 170 
resolution of vectors, I3I 
relultant, 96 . 
rig^t-handed system, 3II 
rotation, 397 

Buler placement postulate. 
Ruler postulate, 7 
scalar, 9^ 

multiplication, 98 
gchwarz^G inequality, 
segment(s) * 

directed, J.0, 92 ^ 

midpoint of, 18 

normal; 75 

point of division, 
set(s) 

condition for a, 
sine curve, 203 ^• 

amplitude of, 22U 
slope-intercept form, U5 
space curve, 37^^ 
spherical coordinates, '379 
spheroid, 357 
f oblate, 357 

prolate, 3^7 
Stevln, Simon, 96 
surface, axis of, 368 
surface of revolution, 368 



10^4 



8 



13^ 



18 



161 
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synmetric equations, 319 
synmetric foim, 
symmetjy, 205 

axis of, 205 * 

line, 205 

plane, 355 

point, 205 

tests of, 206, 207, 209, 211, 355 
tension, llo 
tesseract, 3^^ 
tetrahedi^Dn, 3H6 ' 
trace, 353 

transformation of axes, 389 
transformation of coordinates, 389 
translation, 391 
transverse axis, 298 
two-point form, ^rtiB"^"***^--^ 
unit 

point, 10 

veitor(s), 9^^ Why 337 
vector(s) 9I 

absolute value, 9^ 
additive inverse, 105 
Single between two, 121 
associative property, 105 
cMUfflitative property, 10^ 
component s , 1 1 3 
difference, 99 

distributive property, IO8 ^ 
dot product, 122, 127 
equivalent, 92 
inner product, 121, 127 
inverse additive, 105 
linear combination, 107 



vectorCs), 91 

magnitude of, 92, 9^, 

normal, 

origin, 93 

origin principle, 93 

origin-vector principle, 96 

perpendicularity of, 123 

properties of operations, lo4 
' resolution of, 13I 

resultant, 96 

scalar xoultiplication, 98 

sum, 96, 97 ' 

unit, 9^, 11^, 337 

X- component , II3 

y- component , 113 

z- component, 33^ 

zero, 9^ 
velocity^ angular, 176 
vertex of cone, 366, 
witch of Agne6i,> I86 
X-axis, 26 
x-component, 113 
X- coordinate, 26 
xy-plane, 3IO 
xz-plane, 3IO 
y-axis, 26 
y- component, 113 
y^coordinate, 26 
yz-plane, 3IO 
z-axis,' 310 

z- component, 33^ * 
z-coordixiate, 3IO 
zero vector, 9^ 



